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Lecture 2: Ensemble T\/\cort{

T. Bwnsemble theory Basics

A . Microstafes ond Ensembles

In owr discussion of dynamics, we became acguainted witn
te concept of fiw Fhas-e Space. For o system with N
particleS , phace space is a 6N~ dimengional space Wheve
tne coovdinates ave Hu BN gen evndi zed coovd nates 8 and
3N genemlized momaton  pg (c6Ll,38vDD

For o given get of (nihal comdifions 4: (E=0)= g0 and

pe [_{:-ao) = Peo ) We will move With Some #D‘JCM"’“] ln tars
veny hiqh demensional Space. Ve call a 5r‘nblf, svg-km.
o micvoSwpic Slade eor W

T k((j imsiﬁk‘l' of Josiah w. Cubbs is fuat metead of 'Ha?nh'n}

clgout +v'g'w\6 10 compude e dynamics of microstales, we

should focus on ensembles of miciostates - An ensemble s
SAAANANA

o col(echon o cll‘cfcw microsbrtes whn Jf ﬁ‘am-é bl cond hons.
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B. the Ergodic Hypothesis
At firsty WIS ceems  ike 1t only compliories mivgs.  Inslead
ok ~l’h7m8 fo sdve tme dynamics of one £.C., we are new
by 0 salut for M dynamics of N Tes ! But duink back
o e harmonic osu llator for amoment. Thewe te phase
Space +mleafof7 Was periodic. TE L picked a difterent inifia(
tovdi M, £ was 9003 Yo get a veny swmil ar «kmyeahrv.
Harmonic Osci|l ater
& S of cirele Lixed by sqcdem's

indial energy.
R~ any choice of TC wf Conshent
engrgy will [ike on fuis cirzle -

1 P

%
S0, twe Arajectery ok a 5’awélc mico slate is the same as
i§ Toicked an ensemble tint corcesponds fo all of Hue
powible inita] conditions !

(This has dhe ComcAmaint of having constant enersy, but
T could always define o different ey and get a new
circle & needed )

This 1&a 15 called e Ergodic Hypotiesis, If Sagc ttat tue
dymmics of a single microstute will Wisit evwy possible state
givea o l"“{j &nouﬁh fme. This s one of e fovd anmewhal(
postulaks o€ statistical Mermodynamics.




In fnermodymamics, we are goy +o be inferesded in avernge
cbuanﬁﬁcs- So, £ acamPk| we misld' want e awerage pressure.

£6 we Mt o very long datjeotey of a glgle micSink, we
could gt fuis avrage |

+

= lim ] .

M= ;:fM()_cm)Jt X=(p;)qc) velyswl
o

Can we do fnic 7 YeS, we Can wow wifn wunpwl'as- One needs

Jo solve fue eguntions of motion Lortie syskm. Thisis molacular

dynamics. But) e €wnders of Statthevmo Couldud do fuis. They

wankd 4 be able 19 do gometuing !

The Brgodic hy potuesis o€ @ibbS says that we don't Wawe 4o.
Lhstead, we can do an W’

<MYy = j M) plx) d ¥

=~ waq,(o;[ﬂ('v C&.ﬂhﬂ of Pﬂl"'b'_)_(
Ko phase gpace volume

F=fdx
Tn other w«rAg,

<-M> = M Evsemble averoge = tiwe average
WS 5 o M“""MMCW‘ 6XF(‘C$$ ion ef e EV?cJo'c. tha-(—ﬁe;.'s,

C. Paase Space Probm bi [.‘4\1 Density

Because of . E.H., we now See qust if we puow He
poYa bi vy dnsiy of micvoolets v phase space;, we can




Compule ensemble avtrages. tow do we oot Hfuts prolabilivy
densly 7

Su‘;?osf— e hare _[\T micvostwles. ot DC_\{) be e nuwmber
of micvostades cor phase space wolomt | so funt

M= [ o) dy
u

The probabi lidy densiby must fien be wormalized 40 L, e
{uat”
plx) =

DK =

This s o forma| defimbhon of tue proba loc Lk dms:%z of microstales
in phase space- Tt seems vew “ matny!! wWe have st pices
Ju can down e ood. tow cam T compule Ner DCX)

or gC}Q?

D. Micrcanonica| Encemble

T am 3'9""9 40 astume a cortain kind of ensemble of mécvostales.
Tn His ensemble £ will nave N parhcles in o lox of
voluome V. The ftal syslem energy will be a constant &-
Let's aee & we can find due probabildy density of e

micvo gladeSs SC),C) tn tuis e semble .

My phase space wiegml Gr due NVE —ensemble, o7 tue

MACW can omcal emsem,lo(,e, s @iwm b-.\l
PANN NN NN~




Z (nywe) = j §(#(¥)-%) dx

A T K Brc deHo fomghiom
s o€ W,pcvsur&b-

o ok micosies © f f f f 5... f SCH gy, 31900,y Par-fio? 5 )
Wb hrp Psu

% dg, B dg 3 dpdpy - dPsn
Usiwg twis ) e proba bt H«] den 937»7 1§ given b:,

(/Z if 5!007:7 =5

|
= = §(HE)-€) =
SN\IE 5 -z o ic 7‘#%

Lt ofev werds | fmeve isa uniterm Pyoloq bilh, of micvosis
N e mico Canonical ensemble. Tuis s e Second postulate
in stah shieal ‘h,emﬂécjnamics. U @ comgfrmes alled the

principle of ecbml a prior; pvobabilifies.

E- Quantvm Correchion 1 e Nwmber of Microgtaies

Thert is a problem with owr probability donsity fuat we
st wrote down. 14 s contiauans, We m[{7 want o
vuE | T probability of o miooside is 'mén.'fdy small B

o Lonhinuow’ 17*0’049:,!""7 &nei{:y- wWe will ser n & wminvie
fnat e comection do thermody ramics means uat Huis

nfinidely smul probaly H»j Mabes S Macroscopic %Uanh'ﬁ'?:
inﬁwu‘] [argz.- This s obv?wtsij .mmd.




MiS tont Juat havd of a problem o sdlve . We will just cefime
Somt  mintmum  vdowe of phese Space 4o be owr smallest
Uk dnat covnts as o micostie: Thn we can get
o disueke numberof siakes Iy divding -

2. (Ny) : 512 of phusse Space Z

7., (NVB) : mimimum vt of Phuase Space. R
L (NVB) : number of microsiates

_Q,-:_-é—

Zo

X
Put It S 2,7 From a clessionl mchanics pergpective, i is

av\oﬂ'mvn. We ot med svw-hu“? Here. The fack dmat i+
arb {-mnj is o sign our -l;hw/‘J Cclagionl mechanics™) is incomplede.

Bty we bvow) Rurnajuam Mechanics! Inm BM we bnow duat
dwrt is an dncer‘l-ain{'tj ?i.udple,- cherl-a;u&l says fuat
0y 55 7 Wi

\)r,’mb thio ?r'w\c‘cpll. (mrfh uot shown) oL can Say fuat o
sigle dimensien of X aund 3?»0 o vl of ()Wlk

Spas- So, for N porhicls ta three dimensions, ui get o
'QL{'OV oe haN)

S;“Wd

F Gibbs Paradoy

There is ent wort problem witn our camtivg of micsiopic Stats.
We are ow\fcwnéivy,m numlber of stafes because of ?o%ilolt




peromutations \ptwern pardicles.

Sippese we havt a two Par-h‘c(.& gas!

o«

fafl"lc(l. .1= B ' fl

WY‘HJL Vo Z'& ,Z'),

All £ did here is guwap
tue labels bedueen
particle L and paricle
2, but dmse cane fae
same miorostocte!
towewer, own” tateqral

comts dnese as dwo glades.

We ned do “Gx"ouy trdegral 4o uot dovble comt per muttatrous
Fuat orent mllg different oS, wWe could vedfme o pewd
idegml (rd). Tuskad, we can jost divide by fuas
numbor wg are over coundivy . flig Jo e efr piece Nuat

g3 nto Zo

Zo % }Jl “— tcker bor evwcwn-(ﬁv&.

'P\/{h‘*nd s Wit e obum-wm covrveckion gwes |
|

= \.\:’"N! '2

Aoide e V) deom was 1aih ““3 mxes%.% 1 Gibbs fonuuleton

and i€ made Butopy not exiensive and broke mi XNy entrepy .

Twis was “ Culhs Paradex. "




Wikh s normalizabn faclor we an wride dne puf Hfor
the # of micsteks like we wandd.

P()= 9 Ja & K=6 LL: ok micvo sdades
N O otuv wite L is alo aalled
'hu.“dmshkl of shries”
where n
_(\«CM)‘,)G) = W j'S( HCX)— 5) dX

C

G- Bolbimann's ormula and Entropy
Se fav wt Wave had two wmajor (ders fom Eildhs. these are
o of dhe diree Fmdamentnl postulafes of statistical furmodynamics.

V) Ergodiaty — W can considr ensemble averages Wsiead of
WML averages

2) A priori ccbw(.l onbnb':lﬂy = M probabildy of equal ercrgy
micostaks is yniform and fwertfore e
probabihty of mickstaie 15 inversdy Pwronh‘ml
b ifs c!caeneﬂwJ (nomber of stoles w( Same enorgy).

P° wake $ Gral I,MF fo Conneet microglates do Hrermadynamic
MACO Stafes we wed ont more Peci-u.lcuk,i Bol+2mann's
Lormalo, |

S o fn SL

A W
enkopxj 4ol micvosiates




Mis dea is Fw\muﬁ so femi liar <o LoU fuat you uncfoublerﬂy
£ail do oppreciate s siguificance and nevd‘/{-v‘ova iMpact-

v clagsical tmermodyaamics , entopy 1s an abshact guanhy

At svswé posess “‘uat aLumls increases. Yt pottzmann's

and Gibbs’ tnsights we cee tuaty entropy s hierently slahistol

N aahme - eij e o camt of tw numberot ways a

sysem can exdsb—f volont of ifs pase space. It is

Somy iy abowk how Ydisordmnd” a Syslem (. How many
deferent ways it can pe o.rmntu_(. How wuch inferumafion e
Myl Wb (.S « 0na(p) | p2l we hawe Wigh information [low Su.rrh’ﬁ).

T get Bolizwann’s eguation e precicely, consider fue Jfollowivg
Buouwght expenawt |

constant

Nl}\/l ,B\ N'I) U'l,) E‘b J

g s - . . ® Tetal Ehﬂf?\] : Eo= El +E2

N [ ) e o ®

i Total wicwsiaies+ S =2 2,
® ° o ©
|
.-n\ 'g‘b

We Suppose tuat e e%ml;\m‘\'m stede 5w et wrhe the most
micnstaies. 5o t's wakinize Lo wiln respect to tu emrsy,

ofly % .
—é—gl- S0 at &7 B e gguilbiom entryy of 1
Lo S
26 \ -gt
v 8=




lo

\)91»\2{-[1,4.«. prduct pule fo1 Qo

AV
?ﬁ"—\g, = 9-“’\ (B + 2 (81 S oE lﬁi*

0ty FAZRE A
T /Cons‘uﬂt \/T\J
gf: E-85* chain rile
o _ 22 26
47 0B 28
179 |
52, 7% 2 (@-B)=

oy My e Q) (03 =0
Seler ” az\\ 0,8 (- \ B | g

Duids bvin sides by 2,2,

oy L 2%
4,(eF) e \5* Q. (e¥) 28

2 2 4, - 20n S %u.')o'bn'vw- Cnferia !
>€, (a, 2B laf’
odn2
$I = .b‘L Lvi— P=

What i6 e crideria or dhrarmal cqui libriom 1 classi el

Hher namecs |4

T=Ta 2 2 Definifion of temperature
ot MU T
|
P = L:.r V\MAS Unl 9'(: Vemg.a

Lo = 138’xro%7/
5=y a 0L t ¥
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H. Connwl’m?, Bncembles 4o thermo dynamics

Doltzmann's eguation for conneoh\n? Ha number of micAStates
+o en’crvyy is clso consisdent with tw laws of Hhermodyuamics.

0™ lad: Definbim of Jempermiure , Henmal czuv'l-'br)'vwa
We just prowd his.

I law:  Conservadion of Ewergy
TE we do uprk on "t sysem (es. reversibly change wlom),
we add indevml| eww) dE= PAV. Fom our velation aloove,
webwow dB > TdS. From Hwrmodgnamics , we bnow tuat
dE= TdS+ PdV = g@ ¢ §w
Wmaniéwkcv TdS  bom B micostakes as e heat
eneray .

7.’2'_1"_"’. P Badapy of o closed suckm incraases
The eguilibrivn s we mamm number of micwsteies. This means T syslem
ewlves fom smatl £ 4o [arge Q. Szhodm O Means we ewlee
Som omall St lage S, which is Jue 229w .

Shlmlnh ng+W'DahM€ Grom abw.[c\ar\um retvin 4o it ( 3E” )
Pecouse fiae ?OU\{‘I (Q( ,Cy*) s a mak muM fue Second
derative ::;6% mast b M@a{—iw.. Cconcave dowm ).

?mohcq[bj, wMat does tis man? How do we connect iaforwabion
alout  micrSiepic iwlerackipns to Huermodynamic guandities”




(2

‘J_‘_C_e,i_" Defermime e Hamilfonion for tue gyskm of inierest,
HC%‘:I’Q V9'wb molecul ar Fu-latuq(s-

H= 2 L. L Zi— wiy (43, 45

f. L<J

StepZ 1 Compuie 4w dms:#v of strks 2(w, V)E).

(L(NVE) = J—« js( HCX)—B) dX% X: (,M,)
usaally te haed sfep
Step 3: Compuie S vsing. Boltz mann's Lormule,

S= 4 In S

Step Y: Usge ‘lhamdymm'c relations 0 find ofmer 3uan-l-{-ﬁes of Unferest.

* Legendre transtorms
F= BE—TS
H= E+?PV
G=#-TS
* Fondomental equations s mayuvell velations
dS= LdE +% dV  Rndomental eguation for's

S .
p=T (a = Pressure  ((By inspection’)
A7 € \ (22 o5 :
o= (30)y = G )Ty e T\Ge)y  Heet capucity
N
Cwan vole

Step U (aHernale) : Use cnsemble averoges o campude quantities of
wterest
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<My = jumgcg) ix

st = = §(H(5)-E)
Z=f8(kcx3-l=‘)d§

This is Somedimes wriben with e BUE tnstead.
<MY = h},,'ﬂ\ [mex P60 dx

Pt)= = S(H(E) -F)
Q= oy [ 8w dx

1. Tdeal Gas

Le‘\',é appl'j ouy Fv“a,&lmﬂ +o amePc Y c_abua{—ion of stafe and
Yo heat Cal?a&f'l'y of a« ideal gas of N pardicles of Cﬁml mass m.

Shpl: Dedermine  H(p,4)
Fov an tdeal gas fore 15 o pa-!en{'-'ql between e atoms of b
gas W(g:) =0 So, fw Hamiltonian is

[

' ys t
H CO‘(../P;) Z bt : 1

lZW\

~c

(
2

(AL
@

\

2
>
73

%

Skp 2: CGompute L (Hhe (on? skp)

fS[Z "’E] de “i P - i3 aeft )

\/-V'\—/ !'; 2“3 I-‘-L()?N]
This s incependent o f ¢




[4

k8

( W L
= T __rl, -
AL g fdijg[zzq 7 E] Ip
Wis do e dz iv\‘kgml

fdl f""l'fd?t fdfs 5‘!‘33.1
in ] o s g [ e S Sy iy

R v v v

= N\
Svbstituke back into (L
L V'J [SN h;
A= ) LG E]Af
Now, fs do o dp ndegral. The dltn fmehon veduces vs o
a (N-1)- dimensional kgpws‘mf&u fn the p phate space - \n2.D,

v

¢}
/\ P‘z"_ P:_: 9mE

Acvcle of pudis  p=.2mE
\/ s 211p = 20 {zmE

n D we 5:;(' o sphert witn a radins PaJZmE aud surfrce avea
S :L{ﬁpz = 4 [ZMB)

Fr PN dimunslons we M a hvaSPM in 2N dimungienS.
e gurfacy areo of o Myperchtnz, in n dimns,ens o £ mdius
R i &1 vm by
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wy
21-( n-|{
S= -YT[:/'D R C(n) : Gamma funchon
F(n) = (h“)-’ whea ne N
¢“6 fo write
as focforals loje of The [y, The 2 is wot vaised o

e power 32, Bt is.
Usiny tuis formaula gives fv IN dinunsions

34 (3~-z) 3nl2 (N1
5= 20 Yl (2=5)
=( 3"/1) C (3%)
fovlage N, 2N-L ., DN/
2 1_“_%'/
i LZME)
( 3”11)
We can now put it all '{'Oﬁc‘h“'/,
R _y_f_ ’ (2-rrmE)3"/’ Awesone |
Wi (%)
: e Enbo
Hep? Get Y : s
N (21rm9)

S5z lyla L = ke %[h"&'ﬂ?%r("“/z)

Sﬁf_ﬂ: Gt He %mvn-l:i{ieg we cart aloout

Lt's get fue pressure firch,

S
P= T(%G)E < ecval uate .éi

FIA SZ';';;?) i
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29 lyNoaV ¥ Lo $0E) §
= ‘.50,/\/
V(\% intd formula Loy P

. bV _ NEgT
?—TT ov | P :

Now v twe Wea Wat capacity . (4% Wse AL doct frat

L (25 ;
= —(35)\1 <— Gom fmdanental CZM"’\M, otwy Jevrm,

Fe Sies[5eT

h"’ﬂ' S(>3)

n

ﬁe%ei 2L gng + F(00 S

= N L
Le > g

2 AlyT

The Wat capacty is dewed as

_ 2 3N _ 30

Cy= KaTu = S (Zh) 2
N
c\,sz%

what did we do? We dinved 3& of 4w Huwrmodymamic propertye
of o mondadomic ideal gas from AM! Molecules +»
bull properbes. Complete dwm! Matches empirical results witn

dilude 50%9- Teachwss WS mat an ideal gas ! tF6 a
Jag u(‘h\ A=0.




T Quantum Corveckions and Absgo lufe Density of shafes

T want Jo use Y ideal gas en{-my&l fo male oo points about
statistical furmo- Frob we mad 4o do some wafu. S-ln/ﬁﬁt
Withe Y expregsion we hod for Ge enbpy of an ideal gas,

Kl (E’L’LE)WZJ
3eke b | 5 sTow)

= ZV” 9.1rm5
b 0‘"[ NI (au/z) 7 ]

sr\r(‘mg's formulo, for th Bctria N1t For N»o-
NI (tG) I N -+ Sl ()
v NIWN-N
%rUAa's formula. o fuy Crmma funchon :

nole bae minug Sign ble (h-1)!

v
MWT(2) = (2-%) 0w ~2 +lh () Aloe vlid for
cofinuons numbere
AT(’%)=(%’%)'&“%"'¥*'JZZO‘*Z" andtv\‘iw.ampkr
plare.
o -— 2 ‘-ég

Yy = NN = NI N tN ~ 20 00 2 5 24
+2 g, """‘E>+J«z
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2amE 2
= (V) +Z + 204 AT

a(0) 7 & n (4mE) 15 | Sr i

S _
Nb ™

Recall that dn Loinl momentumn p & given by,

VA L y
P'= P #Py t PiatPop to = 2mE o*mgﬂm

UMJG R mmfa.&e, MMWM Pe,ra;bﬂ\ <P7? e average

Momnm bvm  i¢ 6il/m by
<P7 k| ng Prms < reot -medn Squart

Prms = .,} ?z/,J < r"' is %L"sbm" and  divde by N
to get tue cweanlt

2tr om©€ _ [rmb
= [FmE - [F28

Lt we kaow dme puengt momiviom, we can cfine the awrage
de Doglie wat leagin
h T

h
AN T 1T —— " | ¢ymE
th <¢? lu_;sef

Acide @ Hharmal want lenstn
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T Hhemal wmbﬂg% is e deBrgl't wavelenstn of gos atems wih
ergy B/ We usually sabshifie £= S NLGT 4 sat
ARy LY
imE e (GpbeT)  2mbsT

h
)"-(;\n" r’—_— size of wuw.pa&kd' of an atom
ZiTm“@T with mass m and -(emfthT
Note 4 MQWV‘C& with e deym in porenfinses in tre
Sachuy - Tedrode ecbua:HM-'

w (i) 5

Now ot can make oo Comment alont q’m,-hm Corvechons.

WA s 4t Sackur-Tetade | te e;buu-l-ian for aclassical idal gas,
wld? UMn D & Boglie wave gt is small 7 fow Ysmall *7
We havt anokity natwel Leapn sonle- The avemse dishunce befuren

otomt in n 9as

4= (.! )'/3 V. wvolomt pev afom . yuits M-’
~ N

So wn [ > Ao y At %vm'l\m eflects should be small- TL Loy,
then T can hawe %ua.whlm e flects .
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T4 LN twn T v do fabeinfo acont spin degrets of
badom. 1€ Yy have  Undeger sljm}-['r,«u.j are bosons (c.ﬁ,)pnolonc)
and Uhe gas s 8" bose gac ! LE Buy Wave Walf-inkger spin tuey
ot femions (e, elechons) and e Qs is & " ormi " PS- Most
“aler (e, atawiS) are BIMONG. Pk Some can be bosans (es) sodiom
afoms Can form o Po - Gl Coadknsade ).

Wait a minadt ) fwn s our L W‘J’? 14 50, Wiy doesn't it

malky ] T angwer is funt 2 neglects smallrscale of
FIU_,\}JO\M,: S in s sense it i “wma.“ We could get a new
& with mon miaoslqks)

} & Pose er Ftrmi
S comcked ‘Qgr " Slggin

Dut ik ins out Jwis docsnt waller at [ame )2 why?
one of e st }mpav'bwl' Fo?m*k b leam hort s fuat
fwre are always smaller D.0.F we corld accoont-§or | we can Mane
L microgteles Sor s-(-r{wa, -huavvj o0 ! 51 ing'fby frese
AeA by se{ﬁw\} Sopin = (or any small DoF) ywe
avt LhoosiMg o W. We are sain et
S=0 at Somu ?o'w&-

Ay we banwy in termodynawics, our vesuls dont chpend

on dme veferenlt olele! S, ue o€ ob wiin wi do tauis.

hat madirs e wew Q= QU(N)V)B). or how L depends
on 4 Systomi con straimds,




2

S, can ot o Bose] Rermi a5, u dpeadsmce of
Lon NV, <E ¢s oaly afected o Lo Q. Oturwise
st DO.E. are urdewant.

Tl ofner point do mabe port s funt e absolwle velut of

S o not very imporfant hen.  we really only care abowt
&[ Qo Wt Qo s oav refertnce slde (whert §=0).

Firally, i+ 1o tmpractica| 10 camf wicrodtedes nowericnliyy ; Huse
avL 'LMFOG"-'HA] [M?e nombers., lts do o Zu.?ob Calte| ohon,
with bw.  Seckar-Tefrode %vwﬁm 10 cee why,

S=hg L = (L= exp(¥ts)

_h
JZTI'M. kT

g‘lanUP((,«' He atoms ot IRL and lbar in lcm>

Mhz

¥

m = U IYmol W= (b2 o0 TS T= Jwk
"’.‘7; V94T mole Pz [bar= [0° T/
P= NiaT N _ _P_ lo(" J/m% sl t-02x00
Ry s SR R
g-blq"%w ol
., =2.4| xo®® w?
h (-626 xeo 2 Ts
Agn = T = Yot (&
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In Summary

* Abselute dnsilyof stades 13 wetweeessan and imp tachoal.
~ There art alwoye swmaller Soale degress of freedom -
= Thrmodynamics dbppnds on tw difne bedween dwo Sarkes .
~ e densidy of stades is an imp ossibly large number.

' P seHin fiw digrees of freudmn e ant Reglechis we are sty
e referen snte.

o T dpendunce of SL en tue constraints 2(N)V)E) chitermines
e turmadyramic behavivr




TL. Canonical Ensemble

A. Canoniaa|l Ensemble Probabilidy Density
We saw dmat we could chfim an ensemble of sysfems fuat

Wad q fixed nomber of parbides n, wlwwe V) and ewwrgy E-
Howewr, eneray aud temperachue art Mw
Eis mt waa leﬁ"d owr T Mo, b is more Common for ys +o
experimamlly encourter o Sycm duect Is af Constant T- S,
wWe would il do comstruek an ensemble welh comstant
N\, and T- his Hpe ot ensemble (s called oo canonical

N e\’

engemble.
NN

For A micrcanonic| engemble , we
. Postulated a P:ohabi[#y dnsity
(uniform dunsity of confiqurations weln gguaf eneryy)
2.Used pobabflc'{nj dma{y tr find thu dnsty of
Stades 2 (8)-
2. Woed . Bolbzmam Sormula b £ind Y entrepy.
S=lg ()

we want 4o Sllow an a,na.\,a@ous [M’cedwre, Lor the canonical
ensemble. lofS $irst find tue ?wfmba' L'#, d..ns-'k]-

Tn s case, we rned 49 use gur regule for e Aicrocanoical
ensemble. We dont wart any n Fog-fu,la-les.

5oy we are gaw o conetvet a Canowical ensemble os follows,
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(( U lerllfy (L0l /e +~/7¢f
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; =\ V22 53 1= 7 bj %ka N

7 /N

/ B g‘b 'E'g E{ ; :

2 J Lt Syshtm

L

/7 s frtrh T
° . o L=M r

/i Y I .‘\M‘; [ Vet GXCM'%&

A - et ¢/ with neighbers

e lprts (LCrlccr n’///////

o The ofr Guctms ack a6 o feat buth for t NUT syslem, bepivg

i ot & ovstant —bempem-[—urc-
s Thew are M “UHL 9%%%" making vp fue ensenble .
N=mnN, N=My
o The enuoy of the NUT sysiaM  con flactuade and is o
vandom variablte, , E; .
* In e M members of dte ensemble, vt will be m; fuat
have eneqqy E;.

™M
m; = Z S Lﬁ,;) Ej) M; : occupation nwmber
1=
&_” £ T nomber of energy leve g
£ =€ 8(€i,E)) = Lif B-gj
0 ofterwese

e The toial enry and dotal number of encembles are consherned
JZ, MJ EJ =E
zm =M

J

m= Z'ﬁ%}v&:‘wwfu(l
QCCuPaki'M g
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wWihe e above m m'mdl we want Jo fnd Pofmbvb‘,'yo‘f 'Fmdlﬂa,
owe of fur mumbers of our MVT ensemble at emryy Ej

PJ; Nv-r(E)‘ -

L€ we could [ook at the glatishics of our ensemble , e wowd
Gee funt

(mj) <~ averacy # of fimms we observe
P:’ - M 'hAL evwrw EJ- w e ensemble (—9{}

~ bl si2e of engemble.
There ant IMM1 d«'{kﬂ’k" ways we, Could avramye al| of MM)’!S-
‘Emm’?(c’-

M= 6 a=g T= Y4 %=20;I:7-;3§
Tt v bubion 1

:,| 2 3 & g ©
| m=[0,%,20]

\ ( 2 { (

(oh
wa- 0+U+24t0=hp = M V/
J

‘ZMJSJ=D-O+‘F-\*'2-?.¢o-3: Utf=8 = E Vv

J

Dstvibuton 2

DRl I 4 2 3 4 S ©

I m=[l;%,t 1]
gleo 1 20

Zw= el = b <m/
3

ijg'): |04 ¢ [-2+ [-3=2+2¢t2= @:E v
3
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In e wmicocamonical ensemble ) ue said that any conﬂgmvﬁom wn
enrgy B WS espallit pobable (principle of equal o priovi probabilihy).
ere, e big sysiem (s an NYE easemlfe. that amwans tuat any
Vecker mp  whwnt ?u,E}=E‘. 15 equally probable. S, we just o
comi e momber of Ways we can amang fu entpy in e M
bing. Mis Wil dell us the ?vofmb/'lc;fy dishibdon .

W(_'_"_), H of way S of amﬂﬁ%ms‘w&s {'raa,'Wn ﬂ
ml M!

Wim) = _T———- = ?/-— Mu 1+ nomigl
[ ege l
EXample : Qureséan @ Is W 4w sawe o

Disb\hatom £+ m=To, Y, ?—,0] , M=6 beawg & © velofed $o-ne
distrlmfion of M miorogherkes .

b! 3kS Y4ITT 3 is velofedto S W NVT-
wmz —— = T . .FIs
ol gyt 2ol Mzek-ZA

#of ways b grane P U ng=\ and 2xF=2 into b bins.

Debibution 2: m=01,%0)1T |, M=0

L.( 6&{.?-;. Z. r
w(v_VD = - -
ESHE 32:(

Many mart ways+ come op witn tuis diskilhion of erergics

= ts-Y= |zo

\Jsb\& WM Ve pan winik a probaloi [f{—y MASs funchion e a con-ﬁywmﬁmqj

wW(im
2 | PME of s confgurmbion m.

?(m) =
% W(w) (mulbidimen sional)
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bé’\"g dhis pvobabi by wass function ue com Gad fne averxee

?J-_%':i?_ lzﬂ,.,)mw- Z vlo)n; (m)

M Z w(m)

Qa-w‘n[,qyg [)4') UQM& w(lm)

Note: % Wim) = AN op all ot e con Figurntinns
(ord do wrie a5 simple sum e of constralnts)
m; (M) = 3 of pnsembles with enerpy ) when
configurmbion s m.
(my=© 10 Dist( ond mp=1 in DistZ.)

Ok fwis is all orest, lk wiak dox do when M > oo (lange ensemble)
and T 1s big (large nomber of enenpies)  Computing e multinomial
coefficient wilk be vory ward.

Answvr- wen fiu my >0, diu mulbromsal coe ffic eat becomn s
o vy ehaww Pmkcd. nhormwl L strilbubion soramd mj = mJ M/;T
So sharp dmat it becovss a Dirac delfon finckion S (m-mp') amd

only twe most probable cm-Figum'ﬁom maters: ¥

Becawt the distribukion is so gwarp, fiu average. is the samr as
e most (chely ofele u*.

2 This maximsys

<y = mf e enbopy of
W NVE S\Jskm.
Thare (M., owy ?mbabtl,t{;j becomes
%
I =
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P, ue want b0 Gud e mest probable con-(-\tg\mﬁon &
e Ll dimmsional W(m) subject 4o Hae constainds
Zmi=M & fotul #of encembles
1

pA E-'—‘e < Yl eher
JNIJ f.g*J

We will use the metwod of Lagrunge Mtft'rlicrs for tue constaints.
Let :

Fim) = 2 wim) — ot ( Zo= ) ~p( 248} - )

Pnd B ecHemym :

&l o
A") m=m#
%\,z () - "‘"'[Z’" ~N) - Pcm( &%)
N \—"\—-\J
l 2 2
: 2 -2 M \atlis
| é"“’[hw\) dety %(.T! ! " '> W;::f:c:m*

==\ ) - ! M') -_.a,,,,,n)

n
!
[

o lbamt) = 'Z‘M( midn mi-on;
= -Kﬂnmj-l-}'"n? 71’)= = dnw

(Zm M7 "' L Mttt A M FMY - M.)

=\




ém-, F
My — E)
:Sj
Yut ¢ ’m%-nw
S
i*‘:\ = —fmmy - pe; = ©
g =

ok, finally, lefs get e dishihetion

—E'
P(s)=_,'“f= ?jxet;"
YoM TR

S\MM‘A% over all du systms allows Jsio find

M
Zt’(sa=\
e 6'55" [ = € %.e:'?ei:l
izt M M a
MZ -PE

Rty if oull +oge+tw oINS US me fwbabv'[«}ydens-'ﬁ?!

6-Psi Ve haw yot o idemhify
Pt (8= — . — B We will ser funt
Zle p= yi»""




Summany of derivation

o We create an ensemble of NVT dis &4 ubions tuad- giues
adotal NV E sysem.

Bach NVT syskm Was a ruom ennpy &;.

AVNJ distibuhion of f entrzieS | G fuat sms B g ts egually
likly = oceor, bt Some of dhem Occar momy unnys:

For o lorge ensemble , only dre amost Libely way 19 distrilwie
Y entrgies (e ont with € wost aizys) will eccor-

*We can slat fuis by M i 2ng Yo sysiem , baping fne 4
of ensembles and evey constant:
o This grws Hhe Bolfamann distribwbon

B. 1w ParSiion Funchom
We havt o probabibidy mass funchion for tue canonical ensemble,

_ exp (88D Mis is for e disuede case
P(.S;) ? ;‘_P—-—— Hom :buawNM. meeoun es.
P exp [-BED

it

S Suvn sver all NYT encemble.

Sometines gou will ser b PME weifim A.'Hmukg~
Plen: —xe (B8
{L{ i exp(BE) < Sumover entgy levels
v.‘.

K~ ocw‘mh'cm & of entryy lwels
is ‘hq, #of Mmicvo Stades of an
NVE ensemble .

A’Nl\.o@ou.s h f NVE ensemble, e denominator, e
“constantC fuat noomalizes e pw balo: H’V Plagg a special wle.
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ln . NUT ensemble, this quantity is called 4L camonical
porfi i Emchion,

™ } T _ec:

&s Z e—PEb = .z-aie?c3

hELN v=l
We would also like thr probalbi l{i'y dcncﬂ«,-ﬁr the classical Stakshical
wchani cs  duat relies on continuum classical aechhandfes . The ?,.ba.lafb-)y
demsig ic
eﬁPL-—'? H’C\.‘)‘) _')9:-. Zg , 1 %

fexp [_-PHC.\.C)) dx HX): #amiHovan
r B T phase space veluwus.

P

Aralogous 4o our previons werk i fum NVE encemble, we dedine
e caneviigal  parfi hon fmchm as,

B= — [ -pwo eigitled svm of 4

IN e d X
NNl r - B of michosiofes baged
on twiv erergy

We can alse define ensembsle Ve aLes-

DE fMLZ)y(X)A}g
=

Ox, e?c%(ﬂl‘“‘j
~pH ()
wy=L fuolet e e [P
‘\‘%‘N‘ & - r
' \/”'_\)
F (Bt
P = 2° (?MF)




36

Example,

_*pH
gH? * h’“ pH dx

= {p&} = KH) < avumge crueyy
{HY=W <inlermal eneray

pu= N( IPH e PF dX

C. Conneeting e NVT ensemble 4o thermadywamics

We want to conmect Baig to Hrermady wamics. For
micvocanonical ¢agemble, e said fuak

S= Eg, il < Enbdopy s a cant of micvosterts .
N e NUE eugemble .

Haw do we generalize tuis or a case whare e nymber of
Micr0siales 1c uz';ﬁk-kc‘ by o fempertnre 7 We ppd o
mere quanced version of Boltimana’s esgation for entiopy .

M our NVE wndevpretation of entopy ywe Said entiopy  was
Velakd o fue caomt of micostates (witn o logarium se tuat
CV\M 15 exlensive | ie. doula(,ind, volot = Squaring @ MicwoSindey =

e[wb(:ra enhm).

Put Mt if we think w dems of tru pobalbility density”?
we can ink of &n{-rvpj as a mecswre of ol broal e
P)Oba.b: l,t""j distibufionn 15 ovtr Yo  microstades . T e




diskrbwin i< namow [6-5- onL Stade dominaks), fwen -t
ew'tﬂw s low: 1€ the digibuhon s bread, fen te entopy
1S hi7h~ ln other words , £ (ou are lm‘f'k(«l uncertain alout
Which microstate you w-tl ob%rw;‘tuewbv?y és high.

Lets use fnis 1dea 40 debme entopy and shew et H-?Se%al,"a(m‘f
4 Pt 2mann's Hrmuwla Lor e NVE ensemble.

3 -Lb<.&4\>? S ensemble average of La ?nhqla'[#.]

(PmF)

veaall W)= f M (¥ 4k

h"’d !

S= fPQuF&)( e-/m-ée?fak over tne  Micro stafes
"'A’(

For e NVE ensomble =0 . Subsing inko our rew dofynition

__*e l .

= Mt_ _-& %(3)&}5 Qi a consmnt
sk Lot R e
hn!ﬂ’bﬂ!dx IJJX 2Z=hatn

S=-@i~, it 7 = ek = G, 0/

EWP[{, : [V\'\%;'(‘JM abont on(oabﬂ,ﬁhj - deGned Cn-lw‘:j
Buge: Sob , 5t lytat
P; "‘E J Sz—‘lb(g.ﬂ ‘/67
= ~ky, Z ¥ InT,
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Ok, Sowe Wart a more general detrnitron of entropy fuat we
ean apply + e canonical ensemble

S=-bpla?y  P= £ (pup)

S -2 ="_%9; "W L B
h”(j"ﬂurdx o fa(LeT) dx
= -l _ -BH . _BY
=~ () + (P )dx
hn.e.r
Sme. L -B
ﬁ'ﬁb[‘a‘:hw‘ eﬁdx t Y Ipﬂc d-—j
r
N

DeSiniion of Q. <?H7 P\l Un-l-ema(Em%)
=dp [ g+ pu) = pdme - LoPU

S= g 0m & — fpUt

Uis sems like o LitHe messy- There Is oo befler rda-h'oﬂshiP.
Rall Yt fue Helmholiz Gree enemy s,

Az L-TS

A= U-T(lgmg. - Eppu)
W~ EgT I B ~ borpt

'“\,wccaw\sdp— l\;‘t’

]

W= LT B -
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A= -lgt n 8L

we can also Qo(' U in dorms of Q..

h%’l\” 6
f B¥)
—ne e 2l
>p
~BY) —\ —BH
= w‘\ 5_9[C AX:h’"'&:?KePJE
& P’
! i .
L2 - 2mE
C.2f g?
s "213.2",&
P o
LT (2BY
-l 3G
-2 ST 2
ﬁ:-— T) - = '-_L S —= —th
>T L&O) ﬁa LaTz bp

W= Lb-rz PY ) Y/}

-
——

T P

Vs bagk ah en'l'"f‘\j \

S=lodn 8t By 7 M8

‘jr oT
> 6. Bol microsthds + convechon

5=lom B +loT >t Hor demperatune dependence
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Con fow get twings like pressore and Wt capacity

Pressure
dA=-Sdr—pdV > P= —(%‘5'\—,
Az ~lgr m B T
\BE wk bt = o7 (MK&
7> {oT (a———i':,&
Heat Capacity
_ (oW -
w=G), = (e 9?:‘
B!M& o (3t
aT" This one. is wessy and
:ijufd Reople like
t i mras of-p,
=) - 5 (T 1 P
Ty oT
- 2P 2 [-ome
DTb?( p ‘cmMabeV\L%%‘ et
"Dna
D. the fdel Cas

We already solved e idal gas untiu NVE ensemble; so
we will b %m‘dﬁ- Buf it is still au imporfant b vadion

P se.
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Sepl: Dedermive Yo Hami [fomian
Recall uat

Tdeal Gas tamilbonien for rarb'cﬁs
of ccbdal MQGS) -

3o o
Hiq,p) ° CZ_( o
Shp 2: Gmpuie the prbitm fmchom

L "l&‘ j% f"'r exp(-pH)

tH= Hp) enly 50 we

Can pull ot fa[i
e‘-ml\ Sldi‘ =

By h’” | jdl’ exp( - PZ ) enp[zﬁ""?e"ﬂ&')

‘ I__T JJF,' e"?( Pr%n)

h‘;"l\"
othic is o Gaussian c',q-éawzl

r&xr(‘-’-;;.) s fere = m/p
J erp(, - m f za J 2uml,T

-»

IRTART 1"_.
&= oW \'IT ('mmi,,T) s i (2embgr)

)

Ramembey 4 therml wavolu\;]h’.
h £ h
N T
“ (2m foT)™ Noan (zambaTD A

Y

n
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&> — Simplev Sormulo  than NVE
w. |
AwN-

Step 30 Relate B 1o A-

Az ol o 8

N
- v
= wm(;\-fﬂ.)
=- " X 4 o N!
for v + LT e L’TVCIJ
NeaN-N

= NbpT (=Y + B Ag ot Db = D

h .
= NXE, - 6y, = — < T 2
A= M Qb.r ['&4( _\I_*_> [] kh [va‘g'r )77,

Step & : Find ofhier relevant Hunmodynamic fmohn s

dAz -SdT -PdJdV

r\/
| 3 3 o
(B8 502 = (4w 50
L —
R P h
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LS R TR ry Y
2T (@umls)) * 7T

A _\L.) < Sockur - Tetrels | Equarion
B ( 2 All else is He same as PVE-

TIL Other Bnsembles and Fluctnadions
A The. Grand Qanonical Ensemble

we Saw tuat we Could debme du micvwcanonical (WVE) ensemble

and get Wmdynamics , and we on debine Hn canonica ( (vt
ensemble 40 got trarmodynamics . Are tnt ofter easembles? Yes!
The ensemble witn constant vVt | uhert u is fu chemical pofentia [
is fe Grand Qanonical ensemble- Note fhat u 15t thermo—

dynamic wnjugakt varabll do N- As pefore, tlart is wo reason
My W e mere [(e55 ko mavh o with ey Neor 4.

We can conghvuet o VT - ensemble in o way that s Similar

b how wa oblained an mvT ensemblt om an NUE ensemble .
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( sy Eretd/ (e /7 ¢f Ea‘j Syckm is

;, =\ 1>2 |2 7

< e 1 s

7 f NV E

/ N, €, N3, €~ vy, €y |y, By /

f AN Sysitm
VAR

/7 s T

/ e 39, M'-;“M } Heat ;xdkﬂmé(.

4 ‘T".' N /i eighles

7 * /

(e lprtry (Crlece n’///////

* Now, botn Hae energy and number of mplecules in each bin

Can vouwy : N, €
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Mjy = % S(ErEj)S(M;—NL) J€31,TF T ol entay ol
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Mm= My = mang ef ocupahon ( 1€ B =6E;
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0 otherw se

Similar before; we Want do £ind e probabildy wass
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K 80”‘6 i [ge_ almogt Cer‘l'ain(\d, P Maximum .

<mpd & my e ot lkely dishi bnekion
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What are p and 37 We will getouis in -tmma&sed-ion.

Cop orlev alord) T amd =
Bt 5% ‘P /Le I koT

™ denowmenator is e Gvand [Camuial) Partition fonchion
=pam = T MM E e

/
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Sometins caligophic % i Z Q(’th ;T) e

T ol e S [a,n:h] wrthh Yrow
Wl Wl in Joms of S2-

How are twse exprecsed in continum [elassion| etatistical

mecManics?
s j P07
== Ada 2
0o
N Z > Z
= . E_ PAGI T £ N
T v W'/ dx.
r s— H( depends on -
i «:-(1“‘!“2"-) Sewefwas wridlen Hy (X)
o

— . > 2 j P“(f) b denole fuis explictly.
2= GFI“ ’(:'kaa Y ov
= | 7 ) C
UMA{ about e Pnbab-[(ly d(nsl-(-v f p= (/iBT aaFvVN'j
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Pr clag eaf MYT
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(
§w= o L [ p0) )]

B. Comecfing (% to Thermodynamics
d .

To connect . GCE to termo J‘jvumice, we hed b E1lobs
EW‘:WW {VfMu.lﬂ.,

S= -lg < 97

Asidy: Thert ic a correchon tuat need 4o e ascoomded

Lor in tne Gidbs en-l-m;:v formula,. :rajnes discovered o in
B G0's. Let me e(Plain.

The desCrede versin of  &is Lrmula 18 covreest
= ~flg 2P P, V.: PUE o)
¢

But when w a0 b b  comhuunouns aboilidy dens: fonchon |
x s
we vt a PVOblem.

Placxsh) = 5 po di (Assume (D Lor & woment)
s

Fory Ax =b-a <<l, this redvas o
PL % 500 Ax

correchons or over Mf?
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Ok, back 1o %n&nﬂ owr comechion to thumedy namics, now
ot e vt wored funt eutr
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S= -ky () Lo [p<) t pusvy)

v ~ T
- = 4 0 _ a0
S= fe Im ¥ =
S=ly I = +%-£‘_’f Entwpy in GCE
T

There 1S o move Gompact way .
A= (- TS telmholtz Free Enemy
¢=A-uN Grond | Polewhil
— ,u _MmN
A u-T| ko= + 4 T]
= %— ‘.QTWE —%‘ + N
A=~bLTmWZ tuN | ddnioltz Free Enerpy in GCE

g= A-uN
g Aorta = it
F= -feT i = bey @latinsiip for ccel
&= LT

Wwnat s the Gand po-km#a,ll g7

G =A-puN G=A+TV é=,ur~/
= k-G =-PV !
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S0, e can den wnle

Grand canmouiarl pelation
Loy -I'lam,odymmfcs.

== = (v

W= gt =
/7

easy *ubd wt £.05:

C.- thy. NPT Ewsemble
T |ast ensemble fuat ammovt(.y eviCovnder pas o -P,xec_f

valer of N, P, ST e new fuin here is fuet vlvmt can Hucfuate.
L

This 15 called dne csodmeraml ~ (50 barie ensemble- walls ' can
Wﬂy_\nlm
Lol ot derive ‘U«L'Fmbab'l('rh c!ms-'-(-j, but T will give k-
ol A7 "PP‘V
Puer = € e ' (?MP)
S oo PrY

I L
bure = 7 J €1 TV dx (Parkiton fonchon)
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HuwpY] } PPV
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i T S wer
j : lHeapv) Ix A
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$ner Cpve)

G= -l W A (cwaraclenshic fumody mamic fmokion)
X Givs L enusy G= A+ PV

D. Connechins Betweon Ensembles
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Parki o Fmofion Theemo  Conncction
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Mi 0 Canonical en;eml”‘ﬁ t ficed N,V E

- |
:?‘ CU)V;E) = S_(.L_E_)_ SL: ;‘;”[J S(H‘B.) 6?_; S': tg ﬂ‘\—Da
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i
canonical ensemble: fixed N, N, T
~pH
V) e - _‘— -Pu -
J) [N,V,T) = —5:“ &= “NN‘. é‘c é}s A= ‘@‘l’,@a&

o~ e a— - G
poin e S50 L3 B Py e ez
— - - r

Ts-bavic - Tsomeamal ensemble: Lixed (Jj 7T

S ~p Lt V)
£y = = A D= hj’:n‘j é?cﬁwsdz G= —bkaT I A

r

Aninderesting wobe: Al pockihon fimehoS  can be obfamed by
Laplace hungbims gud e Conmechon Grmulas by legendre
trana orms.

Laplace transform Liggndve Teanstom

Micve otmonical = cavtonical

oo

A= S e A= U-TS

o

laplace vauriable : E = L
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ai Q2 - P\["'- A",UJ\I Z: 'Gnaata"‘y

Ao o disucl [aplace Tanctorm
(2 - tyans form

M

congnical => | fo0 banc- ise-thormal
0

A= (e Py G=A+pPV
O

Laplace omsfoims aud uﬂm brams focms switch between

fchions wAn  idendical informadion: S, all ensembles uawve
%uﬁllal«m.-‘f tnfermation.

£. Fluctuatioms

Ok, 30 we'w lokel af ensemble avernses, but what b Hucturhors
Look ik

For C](amfk) in B NVT Conoaial ensemble) we hawt Nyvand T

fuat art Fived) hut M) P, anwd & can flucfuate. Jr q‘macly
ww fe pole PDF; 0 we should e able Jo figure st
wlhat tu variance of 4use 3uan#+(es art.

Ex ample, = NVT o*é , vanance of energy
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: jf(H-QD) 4% p- e’;
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o’s = kaq'a;——? +<9«€Ff>-;«l(5t
i

<= W0 ) %%;:C\l

Dj'g = &szc\/ Ehcrgy Luctuabions ore pro{{—{om{
tr tw heot Ca‘:m'hdl

We ant infevested in e magnifude of Buse Pluctuafions

as N>00. As we have said many Limes N=o® in many
coseS . e Limit N> oo \[200, &fy=constant is called

Y “Mermodymamic Lmif " (TL). 1his ts called e Fhermodynamic
limit pecause . Lluckuahions (n fwe sysiem variabls :

BV, T, s, N beome neglighle tn dais Ty . Hit were

not 50, fun wt oauld not deline stale mriaples N eamo-
dyramics. or, aldevahnly, owr difierent enSembes would

ot gt consisknt answers if Yure was vo T-L.

T uill dedirt a formal e;cPut.sion for . Auctwatms tn o momunt,
but T want do aate o quick poiwds:
V) th Lluct vahiors dont op fo 0, but the peladine value
of 4 Hluchiahons Decomes V\lﬂug; ble.

© p o
Cromple:  Lm oe £0 km  Pe _,
N-pee N3O

i) Flugt vahons are shl i.m?orhf\'l' ot small scales [ smatl w,v).

Wh) fhe dhemodynamic [imd 15 a manifestation of fue contral
Gk puorem v glatishial mechanics.




Proof of fwymodynamic [t for NVT encemble
Coleulade dne momnt gen erading finchon & J&',M. (e)

Pur oy € b= Jeta = [0

= .Q(I’QC:PG/& ii,': Rall % T

00
l —-—
M= <%= g f Pt 111 PRAR AR T P T
F— version of O ensemble

= ’é‘_ J als) & PPug e
o
write fm cumulant @encm{;«na fmchon,
K= 0a M6 = | % fﬁue) iy
Reall at devivatwes of K(S) are rtladd Jo cumwlants

n
dk | ok,

dg" <™ omadant

3

KD = kS * kS —‘— % k3-;-‘- 4+ < Cumulant exparsion

Now, odculate mpressioﬂzo for . cumulants
ce tlm[ 5 )90 P uld

=3 j.n ?T”eae]" v Hn P

: tndegral € L dont cepend on
(51»)5 @—pw
Js Ee
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T - e
fned P f.QEef? dE
k= |—= T
®
o S=o 5
C L (e tPig - cey- - 2B
S ?S-Q— Eel dE {€? T
Ki= = <B?
%
(s-r)s
> Tog e
Ka= é"li\ Fom  alove dk 0
S 1s=D ds r_Q,eC’f"ede

. evaluate at g=o0
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AOEN " X&(M] = 8(p9— ML)
ale)
o
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oy :ZL > a5 o S ,
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=
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.oy e
= &) —
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ok, naw we Wave e cumulont expansion

2
k() = LE? S ¢ %F’—St £ - Gaussian  distilbubon

°
kS = Us + Uiﬂfﬂ_) ¢t

Ko =8 L LMoy - T
I

This fom is gurk gencral. We canuse 1%, fov P(P) of ?(p) The
denwhve malcles i coqﬂaau vaviable -

S ...._. Mno. 3Jua t
L
Now ohat knﬂxné a5 N-> 027 can e complek

"me. s

i JP" n

Wx N , cy N = ekdmdw 'an'HHeS and ‘nclude. foner
s . ovdur derivatives,
6 N = This 1s alse exdensive. i.e. B moments.
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S, e distibuhon Seales Like fuis :

e? « N (men)
vg = [0 = N [ variance)
Y = E%; o .’\_I o N~72 ( skewness)

k,}t NWL

Avotwy way +o ghow fWis isdo vescale B € s:
. 4
¥: NS <« fuis makes sense |, lecnse 2 and Bap

Koy —dM& e & Lpe s

—_— s +
J-P JP" 2 J,Ps T
= ~d & ¥ ¥
ap(ﬂhg) ?6 + &Pt(ﬂh% o I;(}“"ﬂw;;
gy = - dimg L dYug * . L 4% s
R R

As N> ® | dn hi@hcr ovdu ferms water less aud
<
% - Orlpg % N %,
Example: tdal gas

{8)= ZN ket (p- &)
oy = 2k (pl6)
vg = ket ¢

WACIETTAER T b T

2
D’g".ly/«zf\) boT 0¢ - M = '5'*‘)
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Main fooaaing: M lagy N, ensemile cwermies grow propact ol
N, but Huotuations on(@ opow [ike N&. Thus, the relafive

S of b Bluctuabons  Bufeuy ¢ N2 (han N= () uese
Huctuahons omt mlh] swal.

ol

N Lde _

7N

A

Node: Twse are fluchrafions im tac ﬁmwl—:ﬁes m {he ensemple
that oan vany. In capenical N,V S Tant fixed and 4, P, and
€ W distibubong. i ack tmat He distr bwhon becomes
o divae din Lor € Cor/,t ov V) shows tuat all ensembles oure

erbu.',vq[u{: n e tuermadynamic [imit.

E. Pevursibo \;&‘4_
In %ftmodcjmmics o [eam tmat  syckems dewd o mayimize theiv

entopy and minimiw Yuiv free enrgy (Helmholfr or Gitbs). wWe
also learn tMat, systems move spantantausly fome lower entrpy o higher
entropy and laiaker Lree energy fo lower {ree enesgy: Wt can sfahistical
mwdtjmmics feach us about these cancepfs? It deoes us fuat

m drives entmpy Max: mi 2ation.
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Considey an ideal gas M an NVE ensemble vheve A molecules are
},nilﬂ'al% Pvepqnd, wn o volome of V,:/om;. We open uis tontamer

tn o wolume of Vy= (w2, The onbabiln'-k] of o s?gglc ynicrogtade
\Aqv'mo all of Yt milecules locndtd tn Hn odg’wd velome , v, = e’

ts e exodt game as a s'»nﬁk microgtafe Wnere de molecules
ore s]ne.aA %N‘/‘ﬁm& Vy= (- wis m.icihi' seem counder ntuihue
i e a con Seannce ot our aSumption of o priove ad"'“l
prob alalihes  Howertt, fmrt are many more microstaies

wiere fwe molecdes ane spread out! So) 1{ each ont i5 eqrally

\ih\tj) e cqukm will mowe fo dne most Fveﬁ(/enf"‘j encoumdered
Modgtates ,
This can shll be cubjeof +o Fluckuahoms at bw N. i N<lo,

+hen it is %u.i-k possible for all of fum to Sacla/enly oprar iV
again- But for N-200, it becomes ictually Lupossilde.

Concider tne plot Tve made (see pytuen plob) for fue nomber
of micwostates Q(V) relafiut o QUw") for diflerent valuss

of N.

EKO.MP[{,: Tdal gas Mb"m in NVE ensemble

_5/ =QM(V _\_ y 9 py h_
Mo AP T2 [Zmat XW'"(%'N‘;YZ
£ =% Ni,r i




bb

Shy \\\ﬂas a.9p oy Makion :

D0l
) = (wm)" L“’ (o ()
v
s C & A
Q= 3" L )t e

o N T e e

30 A
= Q'/@N - Ymmﬁ } h &

Y

2o (2N 2u-20)"
N, N o,
- (TR e )
> W =
L 2N (%) w o 7N
2
¢
L= ——3) . €
7 JoN | €« 00y corveckio
N=2 Q—(Oq 7/_(L((m}) 0-5l $l.: loo
Nzlo  Q(oaw)/Q(I1w)= 035 3 o

N"(O" ﬂ(o-‘lm‘b)/&[{m"}’— Z-Bxu;s 3: 100,900

N= lﬁ3 .Q,(_o-‘im”)/.SL(lm”) 2 21197 2: to%

For \owrge Ny thert is almost wo chance e syshm will sfm"ﬂfﬂlwsfy

con€ine itself +o a swaller volume. s 15 iy entropy is

magimi 22d. e system will always find ifself in tt auost
frequently occaring get of micrestates




