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L ecture 1 Probataility Theory

Motivabon : Our goal in tuis dass o pmnack e ?wper-ﬁes
ond beWwaviov of moleeclest bulk phenomena.. Mweh  wmore
can aud will be said about this task. Fornaw , we

art  gang + laﬁ o bit of mathematiol framevort. _\ie:’
WS B ok o ouderctand tu phsles.

The mathematinl subjecte we need ant proba biliby fmeory

statetics, and stochostic processes. There are oo waniy

molecals & ug to coumt aud back eadh ove. Alw,

wmo Lecuyles Uw&fﬁo caetic wohon | tn fu seuse that
Hier Posr'-hén and yeloches are hord 4o pre dict Erom fneiv
Wi tal slale.  fis such, we are 59’»»5'1* treat b
collechut stafe of fthe molecwleS as a ramdow wvaviable.

DU

—n” N\

Thie is an innovatve [eaP wade

‘EXaWLP[L-’ A‘ laHice 301.5 ba dne Bonders of stat mech .
o ° [ ) o o
o (4 o () e
X ] o [ ] [
° o (] ) o
| ® ® o o o o

Instead of draccing o tdjectories, look at “mudom © states.




x. 'onbabitc\y BPasics

A SeX Notation (abrief review)

Vienn clfa.grumt
Let Ll Ve a set of points n AC
Ats a subsct of SL, Acd) @
wis & pont in L well o

AT=7wefl v Al o compliment

Suppost Ac(l awd B < (L.

(§

] A ﬂ E uaﬂd t
o tnteveecton

IEC ANB s @, 4w noll cob) Dun we Saef ~thats
Aand B are digjoinb er W

| no area pfoverlap




B. Bhrobalbi U-\—\j Axioms

There are Several differenG wayS v defive M By
probabiltty Twwan o nvmber PA) assigned Jo event A

that CﬂffeGPleS ‘o how f\-cthnrHa A occurs.

. 2lassical Pmbab”":%ml PCA) = IA[ “mro!i‘nalﬁl;,"
(eg we knaw bebretand) Tof O romber
2. statistial pmba&oimvc Lm N4 whrt noor
P = o &ials
(eq. we M 0aSuye ) ndoe N WM
V\A & A

2. Subjecfive waa bilt‘l'y oo ch@ra. ot Lefiet”
-Can afﬂp\.v o wen—vendom proages (e-g- a presidachal
eleckion), Ui ic e domarn of Fh‘;losoPMs awnd goc'z |
scieatsts. Can be ugefed | but wot ouv fows here.

Y. Axiomatie probab; Lc’-}y . Ma+kn-m+fw((7 rigovous “geasure "
origirally formukated by Iolmogorov

(OT(F) =0, tmpossi ba event
s PCQ) =1, “sure event”

() P(a) 70 , non- negative pro bo Whlrhes

W) 15 AnN Am =D & ntm dun  combaple adbivy”

F\"N. bdbl a-lqu
P( U An) Z P (A“') of m:l-unt(y exclushe

e veis add




fhese axions gt proba b lifies certaim properdies fuat
muwik al \Afa‘jé be dve. These mclude

PCAc) = 1-PCA)
PA) cp(B) § AcCP 8
Y(Aor ﬁ) M‘?U‘M
\— PAUD) = P + P (® - P(ANB)
Cyxample: Deck o€ onrds
PL o of spades) = Y32
P(ten) <= lf/‘?'&
P ( ace of Spadss or Hden) = P (22 of gpads VEY
+ Plen) — ?(aa.e{q;ndcs/) Jon)
e
PC#) <0
= Yoyt q/9b° fi

A Sinal comment on the weaning o€ “pro%ab'll({y“ odd "mudomness”:
Samefims the ideas of probabi lidy and  candomaess ane
misunderstood 4o mean tuwt no ords or [wws apply . Tn Luct,
bu lock o€ “Ldex miniom does wot ’mFLg tus af all- The dories
of probabi Liky, Nalidated by aany expeiaents | give vevy
Prtaise, and erJerJ_ laws tuat PNAJO" 4w range of

behavior ot single events aud 4w fregvency of many
events. Been i€ L event is not dlerministic A probakiliy is.




C. Conditioml Proba bi H’\y

SomedimeS We want b kviow twe ‘on‘Da(o;li‘l‘] ot sawa.-luhg)
e et awo hor event d. Thic ¢ called a
cowdi Hional p o bab(u-%j. Tt dbved as

PLAIR) = M\?U\ and B)

"A goen B Pled ¥ joirt probebilidy "

Noke {at :
Pl4(p) £ PBl4)

The probabi['vl—y Mot (dor eXQMp/t) I awm u&+5lvem
tunt } vared is net fe same os e Pwhk\?ﬁ'@ fuat
o yaimd ; 3|‘WM T am wet. (T mizht have rben a

shower [ )

A, nole et P(B) #0 ) or e conditional probabily
s vn dGined.

ﬁmal(d, tn e case funt e fwo events are
independend | tue & low Mg holds

S~NAANAAN

P ) = F A < Aoesnf‘é matter
CA-"> C ) whetr B is on A.

0sing Int definthion | th depenconce tmplies:
PAND) = PCA) PB)  Tonk prov=laléy [ and”
Fozpeie notation: PCANR) = PA,B)




Gont (et s win wuntual eLclusivH«j:

RCAND) =0 = PCAULD) = PO +PCB) “or
Kareesis wolabon: PAOD) = PLA+R)

3 ohien ocurs et L dort baod fa ot proleebilidy,
PLANG) . Pwh a lifHL 2lgedore helps

P(A[pJ) = PlANB)
P®)

PRl A) = FCAAR)
)

PLANG) = P (AR ) PLB) = P(B|A) POK)

—

Pl A(B) = PCelA) PCA) Bagged’

A / e A Theorem
) (
‘ / o « mnformaiie pess 4 } oY n
postevior Ltkelihood A
= ——
Ma,\r@mM Pro babi [4"(7

Mg, tie ollen A Gage et § wiight wot buaw P(B),
but £ Enond ottor ondihonal proba bi lifies. [n Huis

cagey T can use tue low of Jodel probab(idy:
Vot A
P(B) = P(e] 4) P& + P(B]4IPAD

Com(pﬂniwa_ with Bages’ Hreorem giues




PCR)A) PLAD

P(Alp) = —
P(BlA) P+ P(8A%) PlAS)

Gromple:  Suppose t g tn ¢ a couid 5t Only /%ot
Pe,opbc have Covid. TUe Jest s 15%Y acwrmie £ one
Nag Cow'A) but has a W% Lalse Po$7 Hre vede. e
Yt comes back pesiHve. Wt s 'l“«!—]?vvfmbi ll‘y-i'm'/’
T octually have covid ?

The question is askivg Sor Ploovid | +)

Bayyes Horem says:

P+ [cova')
Y+

? (cond) = 0-0l 7( not covid) = 09

PC+ | covid) = 045 P(+] not covid)z 01

70+ = o(s | covd) Poovid) + ?(‘1‘\ not cand) P (not coud)

PLeond)

Pl covid I+) =

= 09900l + 0-[0.71 by 0:[085 Frla-vwoc

¢ low.
= 2% ool - + fest
Ploid |92 S0 0t = 0oms v 8975,
P it gy
Wiat i€ falée preitive vele wos o-87 7 mf%;ty.
Pl+ \vw\'o:vi&) = 9.008 = PG = D-Ol'-f‘ffM
14

oo 1P Fest-




D. Com binatorics

Combinadorics 15 ki wathematical diseipline concermed witu
%. We ean combine some ef~fie move efementrry
'mslgH’S N combinatyes wifwo the clasgleal model of
probabildy - PEA) = 191 o olrtain probabi(ities.
This ts offen useful in gaweS, bt fs alse /bsi9h'6~€/l
$or maoecvles-

The fundaments( principle o combinatencs s Juaf if
egent A has cofrd'lm[f'l'y Na ( nomber of ways P do evetd)
and everl B has Wdtna,l,i"y g , tun 4w earclim((ﬁ
of ovent A4B is My rng.

Case L: avranging Covdwﬁg.) oYects

(12 order n diftewnt olfects = n!  (dshnuighable)
Example : 0006 0600

o600 o600 3
o> 00 o090

L=t

(
(1b) exdr n oljects of hich p are zém-!"ca,(z h p!
nep=3 o0 e "™° 3!

= =3
=2 (
B!yl = o000 ° 2.




n!

Geneml frmula © ﬁ%‘r'... £ov objects pgy v,

(1) evdw & objects Som n wrn reFlaaM: r\£

Damle: 9 Q@ n=> 00 00 06 8P
X33 00,08 060 00

2= q o0
!
(18) ovdev & objests bom n vjeut replacemudt 3(;%)',

Permutabions” | n Py

Banle. 0 Q@ n=> 00,00 00 0
33 07 2¥ 2o, 00
3! 20 o0

fall _:6

(3-2) (

cose 2. S&\eCa’Gv/\ﬁ OMJCD"S (no WM?)
nl
(2> seleck k objects from n wjawt veplacovant = —

£ (2!
“ Gombinachions,” , nCp (n
pamie: @ @@@ n=t4,L=2 B (ﬁ)
43'2 | = ¢

o0 0 o0 2'[4—;)‘ 212\




lo
(%) Seleck & objects fmm n wtin reploce pumsh = ("'}f‘>
eample: @ @@@ n=4, =2
00 o0 @ (4-42)! o432
o0 g0 o0 T
o0 09 08 =19

Svmmwvg: ) Al'ﬂeﬂmﬂ’-\w “L'P’Was
~ or dAug. vs. not ordering
- A,’(s-lkvxau'\sha,ble vs. Wdicfinguighable
— reglaccaewt vs. no replacement

SHirling's Appvoimadion

An W?Of'f'au‘(.’ 46(/&94—}04 for mo lecwles : How do we
calcalale n' whn n i a big\ nomber 7

m |\ — n -n

n_w,“.—- 421m ne

more oHen we wrife s as a C?i

Qn r/l! = Rm[hﬂn ‘n“e’njz -%Qnﬁ%m)d-nﬂnn - nhe
= dongr + (+5)n —n

Ypnmn-w
( chen n->0°)

[?nn!e',n,%n—n?




IL. Probab lz‘\ty Distwbutions
A. Random Varviables

Itis often tmeconvenieat to A‘,Vwﬂd deal with probebility
spaces amd evenf gebS. Random vamialies help us sole

s problem.

Rondom vaviable are o wappivg (e a forchon) for
assigning. cortrin points In an eyt gpmee 12 vwomenical
Valwes, <his Saciletates o\e(:fuiuj Fmﬁabf hhes.

Example * Conscen an et space L)L fov o Sequence of

yvee con Frsses .
€ = nowber of heads

%
L EN
. - . 4 3
IHH w WQTQ THY oLy
TTv Thk TST WrT| T
\\ L
([0, Ww=TTT P(x=0) = \/g
U, W& 7 THH, THT, HTT¢ Plx=D = ¥3
Xfuo\::4 9
) wE §HAT, HTH THHT oex=2) = %

Plx=0a) = plwell: x(w)=a)




\z

Random varigbles 8encmug ome W two Yariehes :
diserete and contin wousd.

discrele @ A vzlwes of X(w) art distinct real
nwmbers | usually integers

Confin wous « Hre valunes of Xw) are dicin buled

across the real wwmber (ine

B Probability distnbuhm funetions

Now fwat e havt random vanables, we can define funchous
of twose R-Vs duat AOMQPOM o Frobabi[r‘ﬁes,

() Proloabi iy mass fomction Cpmt)

I8 X s disevete | i Lunchon we hBne is o Fvofoa.b'(t'{v
mass function (pmé) -

P06 = Plx=)
A g€ must catisty e properdies:
0 plx) S

‘ ZL-PCN)‘—"l

Example : PUE for fuo cdn 1055 example above
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(i€) Proboali [y dansiby fumctions (pd¥)

oY o continuous PV, pwe sfead have o probability
dms«i»ﬂ fonchon (PAG\

PlasXsbh) = f—?(-w dt
A pdf Mmust co.-l-ts-(iy “‘wese on?ef{-.ns.

Jx>=z20 | r’%‘) dx =\

—00

" Pavadox™ fov pdfs 1 witm confinuous vanables, 4
probn bilhy at x=a s always zero:

a
P(x=a) = f-PG:) dx = o
[» 8

This s a LUfe disonceréiry. Tn \renb‘{-g ; We are olways

nteresded in ssme e -
ate

Plagxcats) = | $GYdR #0
(itt) Cumulztive dista bwhon functien (ed¢)
Anctiur type of function is also useful for confmums R,
called e cumulahne dish bution fmehon (cddd or
sowedimes (05t L “dihyilachin® function:

PLX ¢ x) = Flv)

The cdf obeys tuse pvoperdies :




1 %

Fl-w)=0, FGm)=)
£ %, <Xy dmn FOG) & FGG)  Ficwonotonic
Pla<xgew) = Fb)- F()

Aside : here is wo fonchion called Hie “prvioabilily st lwokion
fwchien" This is ambignoss. T prefey 4o use Suis e for

Al of fium. Tnstead, use & Cdinsily) | cdf, er
Fm@ where aprmpria-!e,

(iv) Relationships between the omdy pdé) and cdf
T+ is Mphl 4o nderstand fue relationships between
e di fferent fumohions.

3 dF
F(e) = f b)) d¢ ';GQS :l-: Confin wouc

-0
KE¥

i) = 2 PO ptt) = F(uf) - K %) diseete
i

£
£y = Z. pox) 6(¢-%:) F ‘ | i Rex)
‘ J

Drac detdn funchion X %

C.£xamples ot Fm-(-";, pdis, and cdfs

Theve are many examples of ?.MPW‘fau'b' distributions Yuat
arist tn stat +hermo and N fu physical saences aore
genemu?. See Hne aC(,OMPauJiMé Tupyter nofebook for
several plots and some discussion.




]

Discrele Cxomples (pm £s)
. Uniform
. EZRSSDV\ )
. rn.u 1
. QCDMO
. ‘B}wom'tdz{
Condinuous Examples ( pdfs 1 edfs)
« Uniform
. evﬁpenen-ffd/l
« Gaussian / noveul
D. The Expectation Operater and Momewts
th is ofden inconveniert+o USC e entire FM{deF o¥
& fandom variwble. As such, we want o few now berc 4o
fell vs alout Bt pwb/pdt. Addtonally, duese nombers,
s o ki, o gt i
observations as well-

(i) Expectation Operater
The expectation operater is woh vuled by ‘e conveahionu (
lda ot on avevage. 4 ic defined as -

E[¥] = Z xip(x;) diserote
€ [)C]’- f < £64) dx conh nuous
mz= ELX] is he expectmbon or mean o X

There art a Fow useful pm?erﬁes + nele alpout e expectestion
Q)PCJfa:l'v(‘:




b

E[ax 'HAYJ 2 a EDC] +b E{Y] L]V\e,un:l'y

Statistican (Lotus)
T 4ont need fo Lind e
pué{pdé o Yo g(x)

elqu] = Z g(x elxd g Law o +he oneonscious

Elg()] = f 30040 i

(i) Moments
The mean is not e oaly prece of-useful ivformation flart can be
determined using e expectation opemfer- The n™ moment:
of the 'ym'@/pelf is defired as:

notation
B[] =Zwpl)  discele et wys B
ga mam
Ex] = [ x4 de confimuns
Alse yseful ant 4ne n?* centered moments
5[@-’9‘4)“] = z ()ca— m)“ P[Kg) discrefe
g [-m"] - f (x-m)" §66) dxc  connuous
00
The Mot common centertd moments v wames:
ncy : variane | o= E[(X—M?z] < E[x“]-m"'
h=3: Skewnss | E[CX-M)BJ/O»g o ghewress ¥
kauvioss
h=§: kurtosis ) E [Qc-. M)Q_] / s ot Scaled o

Recall also tuat {5 = o is fue sfandavd dviahon.




¥s

Srample ¢ Trtuition aback what moments mean

Wshw — M —¢)skw m: center of marss
0 wid-kh
Skea:  symmetry about m
T’“*“’ kavd: "fot” ov “Hoin*foxls

kwt 20 for
] worwuid

Tt fo cometimes convenieat fobofine a novmalizd LU,

X=m
Y= o

Thio Was e uice prevﬁes—l'hmt'

ET¥]=0 , EUY )=l | skew = BLY7]
kvt = £0Y7]

£. Chavacteristic Fumetons

Sometiwes Fm'F‘)', Pdtcg ,aud cd€s anre usf very Convearient
for computivg needed guantities . These idelude e calculahion
of wmoments and e ealeulation of pdfs of Lunctions ef
RVs,

Chameeriste fmokions  (and veloted) are very wserul
+ools fer doi% . above. 'ﬂ~u1 als vav{c(z Somt i,wsijh-e

ity momtS  and some fundamentnl huoems fuat wmake
Frem worfun /wm:na. /;‘»uj oL qleo 'Vcry commmm 1 Sfet thera.




(%

we Jdeline the chovackerishe funchon of a randow variable
fo be tw  Fowiev fransform of tue pdf

gy | & 56 du . T

A(-l—\‘-’—'fmi’ivd':/, q5£w) can e written usl'wz e epectation
9]7-em'iw

Jlw) = Ete‘ )CJ

Tae charcteristic fonchon has several imp ertrat
priperfies

‘ There are different
U') I4€ Tnuvevse is ‘F@") J FT&OAVQN'HOMS'

§6y= & | et gy dw N TE

-

(ﬂ\!—m,?,zﬂj befween £6) amd #lw) is omt-12-one,
mcaniné f(«:) contains al]l tuw Same inforwation

as ).
(2) The drivafives of L) are velated 4o tne moments.
o = CECT $ %> 25

o evalusle ot w=0
Buick (:Mf' £or (°Y poment

-Q,—(;= g gleivx] = efexe™]
‘;j%,[ LT E[ax] z LB):N]

not )
centralized




1

() The sum ot (ndepundont RUs are pwdvets.
Z=X+Y where X and VY are “factorizabio
tndependent RVs PWPC"JV '

G (o) = Glo) ) Sec ook below
M realvspace, Hhis resubts i a con volwhon
f
= \[m - dy < F‘OW{’Y °
g%(%) —oo ‘Yx(} ff) 'YYCJ') J founev transtions

¥ Buick Proof : o¥ products

b= E [em bJ i} E[ eiw ()c-ry)]
= E [‘ ¥ ec‘,w” - g] eionc:( 5[ ciwﬂ

~—T
mdo_vem&v\.cu

= ¢x (")) ¢y 0‘))

(i) Ohen TCansform s
The cnameterisHe —vrokon (snot e only transform tnat
gon will 528 . |ef an brie-(llﬂ discuss o few otumers.

The momewt aenerating Sonchion (ms-F) is given by
0~Sichd
ME)= E [es')fJ = f esrffbc)dx « 41:,,/,1;& ransform

o T charactervishic finchim s a “Wick rotetion
of the ma{—t
gluy= M (iw)
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*Devivatingg of te mgf ave dne momenss.
M (s = B[x" = m, < o pesky i
e The Taj(or Sevves of e M@# oontains tne mowenfs .

v 3
M(s) = |+ EIX]s + E[W‘]% x E):x3] 387 +en
=\ 'flMlS t MZ-—i:!" g n;_‘:/“: +...

1€ twe wgt and dne pd€ art one-to-om, aad
e mgf 1S specified by e momunts, tun
9Pec'\(lv.<n@ all of the woments | e%u?vu\en{'
+o gpec‘t{:j;ﬂ? tw ?c(‘(" Wis 5 alled Hye
“ woment Fnbl%'f Theve ape Some EM?or{wt{-
it mats cal condeHons quat must be satictied

tuough fov tuis to be tue. (Comdemans condition)
1 den¥ understand

The cumulant generatin -Fum-ﬁm(cav(l)is given by
K (8) = Qa %[esn]
- Deriunhnes ot tne 63{3 ant called cumulants

4"k
d¢"” §=0

- k‘O\SCD-) c k,‘

L 3
KS) = ks+ ke + By ¢




pA\

ki 6 the mean, by (s venanee ,and ks s Hae
comulants Wave 3¢ contral momgak H.0.T are wot in auneral

“doreasing central moments, but froq are polywomial
ulormatioms|
condent” fnchoms of them:  Cumalants Han a gpecia|

ok W‘?Z 927m(—imuw i stafishea| Mermodynam[cs velaled
v fo © ponneched st in n- bocly correlahions. we'll
V\a(n-(:!lu'g Pl abowt uis goon-

The probabtliby generafing funchen (@g) is fme version for
discrede RVs. Tf s defined as:
Gl2)= E[2F] = 2 2" plxd
h=0
* The Pd{ can pe done ue'm? N “2—-hmns‘-€wm", a
discrefe avmlague f e Laplace dranster m
2160 T 24, Debudion of e
hso0 2~ transform
o Derivadives ot & g moments

EIL&. = Gm[ D) "W Lactorial monent’
d 2" gy g
B[x(x—ﬂ (x-2)--- ()c—n+l7],

n

. One can gz{r 'Pmbabi&'-ﬁcs from v vashves , 409

"6 ™" (o)
'V-!T. ﬁ 220 ) __V\T— = P(?C,::r\) = FC'\)
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Brample :  Chavactedstic funchou aud waf of
o normal disteibahon

Normal distributin is given by

§0) = ﬁ Qﬁ?[’%(&?)z]
Use Y defini hon of the characteristic funchion

ore sl [ L a4
change of variables: y= 7.%_'3 - x=yTtm; dye A?‘_‘

Pw) = 4;\—',, i el i (yera) ] exp ( ‘i: >°‘3

= \‘_J;_Teiwm)" exp(iw 6’37 exp (“U7~z> dj

wing a F.T. table (Mathematicn)

76 enpl- ) &y = T eng (- )

~o9

peting it together

- ~Wlf,
glw) = %ew) - 3% e

Dw) = exp( iwm - wq’o"'/q,)j

wWhat is Y .M3€7
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need 4o "Pul‘ owt’ an (WS or (w=3g
w=-¢3
M(s) = exp Y‘S m - (*és)qo*/z]
= exp(sm - () o) = exp(om+ s%Ys)
[Mtsk exp (sm+ v l

What are e moments ”

%’i oxp(sm + 56 (m+ 55®) = M (mrs”)

3 2 M(WH‘SD'> t Mo*

d
% 2 2\ T
A'E— M [t so5) t LM (Mt5T) 6 + M(mese®)e
i\s M (s 4 3m (meso® )5 2Me" (wtso®)
o+ LMy +M(m+$a‘)0’ + Mo
= éﬂ_\ = '7-m=
M= 3s lg=0 m
(
d*M v !
My = = = M,éﬂgm + r = |m+s
2 qu, . M
3 2
Mo = f_l,[i\ = M) m”-f 2MUp) Mo”4+ M(o')m-aS'z
¥ dst|ss0 . . - —
= m + 2Zmo £ mo = [m + 3mo
! ° + ¢
My = J’g& = T 3mtems 2wt 20 o
¢*
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f. % q
\mvr = m4+bm“o’+5o’)

Nole Huat -these are polynomi als of m and Uowb\!/
What s Huw 03-[:?
k() = ba M(s) = 'ﬁS%-l- 5"t7"/2 k

What ave Y cumalants ?

AF - - 4-.—k:- -

ds me SU k( N ds ls:a - ‘M l
&tk 2 é’k A I
PE Y - . = ' g
AS‘L & KZ AS‘ s:0 L
4"k

Is—“—c ‘Q"(V\ZB qu:kh: ) ’na.;l

F Limifing Behauvioy

As ve mentiond alove tn ourdiscussion on Biling's

&WWXIM""‘M. in Stat thermo |, we oare a lowt mannd s
Many random variables. there owe dwo tmporfaut
heoems w Imbab?\i'{nj Ynat deseribe e haner in
B Limit of many ndepeadenty RUs

EXRW"V[%’ Random walk
conedev o “dromkards walk®

O
%e' -7F
P L 1 1 lﬁ 4 2 A\
~N \ \ \ \ t < x
~3 ~2 ~¢ O | 2 3

A\ 4
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tach slep & o Bevnaull bial®  po tre right (ny)
and % b the (efk Lm,’).

Alver N=ngtnp steps 4w man is at ohat rpbéz{%m
m= ?
- he"v\L.

N [ ‘/7,(&1-:0 L/QC” )

Awmao\aes a woymal digtrivwhen
wikh wmean =0 and vaviavce = N
t\m:via‘one’{;y docreaces

(st dev ~ Iﬁ)
() Laweok Large nuvmbers

Suppmse X Xp,- Xy ave indpendent and tdentically
distribwled  ((id) RUs ot an unkaan dictribuhon
with mean m and wariance - Tae RV

2= L (Xt %t .t X)

) 3
has o mean m and variance 6/,\] vh O LimiE N oo,
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what does this mean? The mean (avevage) converges

to what we uould expef when Nis very larse. Also,
P vrrignee ot tne mean gotS smaller and swmalley
(wem raie N/2> This 1o e " eferminishe [imt”

Pfoo'(: C

2= ‘L(KH'X'M’ -]-)CN)-. ):;'-\- XH

M = B[ &N] Mouwﬂ'aenora-&vw.a Lonchions
Myls) = E[ M &) of X/

M, (5) - £ L&A
Byt Lactovi zation propery
My() = ML2) MoL8) - Uy (S) = %M;[s)
(=(

E)(Fancl M (9) oslns%l—’rajlaf serieS
E[e] = l4mse T3 +BC9’)

..

Ei;?« 3 M) = 1+ G-st'l' o *4*)
Now put both expressions ﬁgz‘[’ht/
N
My (s) = [I*— N ‘r-—« o )]

Recall -Um’G
N->co &l"_’] = expl?)
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Thevefore
Lim M, (5) = (im [HJ‘("‘S* D‘(S'/)):)
N>w» N-—aw
\/YJ
2
HOL e»cp(ms'rZN )
T cgf s
! 2 = ms + _Qfﬁ
| 2N
d& - o -
mean = e\sleco = Tl o -
vay = ._Aik— :2‘—1
ds* g<o N

Immn'= m, var= D’Z)I

(i) Central Limi¥ theorem ( L’Mc\.n-berg ~lev y Ww.eorem)
SUPVOSC ‘at X, X1y wj Xy are 5D RVe witnh mesn
M and Vo anle p’?.' € Yis A fined as

N Xi—=m
T L (58

tren the pd€ of Y convenges to o sfradard normal
distyrdoution n 4he Lmet Hunt Jf=>00. L weanzo

var = (

Whavt does 4uis mean? Sums of noymalized Nto»
ndep eudint variables converse 4o
Y norual Sistribebion for \avge 1
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?YoD‘Q ¢
Y X—m Xa= M Xy
I XY s Y
Lk 2= KM
( 2+ N
= _—t - "' + —
N W N N

We want 40 find e MﬁFo('\/:
M (= B[ep(¥e)]

-E[exp(?—‘g—ﬂ-i% f-fﬁ)}

26| ep () ep (55)- epP 2]
The %‘9 are oA dCVC(/IM (-Fac\-om*za.-hoaz
= 5] ep(22)] Blexp (2] & 5| o ]

6] exP(%—)]{

Brpaud T\ as a ~faylor series
A ] [+ ms ¢ —5_"-&6(9") ws@u s=> i

m=0, o=\

31 = s U (e .
lee(3)]= 1402+ S + 000 tor 2
=l""2§’:}+0(s/~ys>

t
E’:k?—

Now ?\uﬁ bt?d(« ko My(9): J
My (9) = Tr [H——‘r@( /N%\I [H— +O(5 ]
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Nowy weall thaty

(tm x N

o [ |+ ;;] = exp(x)
Therttore

i L] e et

[L&’lp Myls) = C‘P(SW)N

“The ma & Lor o novwal disi\ahen G

M(3) = e_x?(ms + O’QSL/Q,)
By comparion, ne pdf is norwal  widh

Mmuan = O and  vaviance = |-

TIT. Multivariele Random Nariables

A. Bivarial Randowm Variables
Tn stetistical thermodguamics | we usually need fo deal witna
funchons of more Yan one variable. In &oct, we will daal wein

fmebovs of Mﬂﬂa variablts . Hww do we ckal wiln tuis in
terms of rundom vmnablec?

(1) Joint and Mavginal Distrlackions

T8 disevibe ?rahub((é{»ies with more than one R.V. , we

ned o ot distnladion fmchion. 1 dne bivariale cace
(ie. T &y) the joint distriVubion describes how boe
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pvoYa b‘:LHﬂI depends on & aad y and all inderactions
bek ween K and Y- In ofwer wovds, we will want o
disgributimn to diservibe PCL N YD) for atl XelR and Ye R.
This will ncas;an'@ Chelude all P(X) and PLY).

The jonk cuwmulative digkniyution funckion (cd€) f1s
N T P O

_—\N

dfined 0s -~
P(X< ) Y 5j) = Fx’ (xifj) ’Y”. - % ---- % —tl
|
{

The joint distribution confams all ;
te probwn bildy information for tue 20 X
plane” bf hoth Xauda-

e mavginal camul ativt distr bubion dynchon  coutains

Ov\,\ﬁ e information for one of U vaviables. Lf can
be obfained from i J'oiuf cdf:

= Fry(X,@)  Recsll dhut F(Y2y)21 a5 Yoo

Fy= Fxg (=ry)
Similarly, we can define joint and mavgimal probabilty
den sy functions ek it
P(lyq) €A) ﬂ Sxy (590 drdy

0 A

'f;c (x) =f 1";3 (%) dj Pecall mr—lgfycy)du =
Ve say we “integacteond”y.
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The debintion of fme joint c4€ and pd f implics tmaf

a‘loF a?Fr V.
¥ /9 = —f' ont cd g — qoint £
6‘2693 &391C *y J J pd

and
9 .
0 = Zr =4 margiml edf =
aF FX‘J [7()0) ax X x M_a,\/alim,[ Fcl-(:
L (o) = 5F S
E ( "j) - 67 y= Y
Fivally, for discrefe RUS, we haw Joiwt and mavginal pufs
?(X"’ %) Yz‘j) = Px‘jf,xé,jj) pnk Pm‘f

Px(m = Z P)c-j[)‘(,'jj) muraina\ pm £
J =t

Sum owr all y.
Py (yp = Z ?xyffz,;js)
=(

(i) Example = Bivariate Gaussian (Normal) Distrilbuwtion
exp [—L __L;(;‘(z, 2pxy +§11

l
g LEg) = oy {(-4°

Z (-f
A- x- '"w A - v"M’
e YT

parameters: Mg My o, oy, p: Ipl<t
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See the accompangiwg P(o+s of He 2D wormal dictrpution.

(58) Monumts : Covrelation and covariance
The expectnfion opemhf for 20 w5 now a double tnfegrm(

Ef«] - ” Fey (o) drdy

-c0 «&

£0y) - -f f y Sy (o) drdy

We can also genermlize LotuS
Etﬂ(x)v)] ':ff 80‘;3) ‘F;(j (X,v) dxdj

The £ moments is more intertsting. Now, fert are three
differntt ongs:
etxl, ELy], 293

-~
2™ mwoment corvefaron of xi;':f

Centertd momets an alyr ugefl -
var () = ELEm'] jmiw

vor () = E1 (j-—Myﬂ
Cov [X,v) = tL (x~MK)(3~M‘7’)] Covariaace

This is alco e corvelabion poefCicient -
—AN A NN N

“Me o\ Yhy cov (x,3)
?Xy E {( )( >_] [wr&\ mr‘(‘;j)j a
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uncorrdladed ,—I'Mvt{‘era, means fxy=0 or C”"C"/‘ﬁ =0
——

e~
Aside: Matwally exclusive; mdepeackince | aad corveladion
Mutwally exclusive wmplies  P(RAY)=0. ) fne “pinb
C‘N/Pcw wi bl 3’:% P=0 Ao those valws ¥ and yare
mu{’al(g exclustve.
W cmplies -ny(xH) £ () -ijC{) lathis case
Twe variables will always be uncorrelased. = see below
Prook © cov(#ig) = B[ (M) (y-ug)]
= glr-m ] EEj"Mvj
= E61-m) ( 6Tyl ~my) = ©
Uncorrelafed does uof tmply indep eadent: -the covaviasa
could pe 2210 for obher reascens,

(iv) tharacteristic Funchon
Ty 'Jo'th Pd(‘ has o characieristic funchon, just (ike the
(D wversion. -H'CN we need o bivariadt Fourier fransform.

% ‘j("’ \l\ E[ WX+ WSJ
” £2q (xg) S dxdy

-00 -Q0

I€ x and y art independent ) hen
Py (@) = Fel) $ylw)

U\’e'm ag‘w% fo Lalk mort opoust Endcpmdma, ete. righ'(' wow .
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(V) CondHonal Proloabi ldy
The cond: Lo valoabtli{—:’ dz,ns-'-fy is defired as
'kaj () - joint dm.s;'47

/jglx (3[)() = 'g‘ (0 «— Mar@}M( d,a-s;-l-y
conditional deosiby
ok y givea ¥ frle) must also be non-zero
The definiflon alove implies nat ‘/ cen gt joint- dansidy
fHrom condifional .
'ny Cfl‘]\ = Fyie (g1 166 (Ased Some bhing similar
fov BayeS theorem,

ond o “law O'Qo‘fvhl waqblli‘tj“
fylp = | 41 $:00 dx.

-w

« @n Sinkegmie owt” x

W means Mmat

5 g( \x) = "Y (y) é’ﬁdoesn‘l cepend on X%
NILENE VAR “drop Hut Condirbonioy "

\)S'w? e alove expression for the Jo‘m-f densiyy gives
'(xy(X/‘jB < 'Fg(x CJW} ‘Fx&3 = 'Fa@ Gx(x)
OnL can also define a condibional cdf

3
F':]l": = J -?3‘,(-\:\)0’)0\\:,

which s alop equal fo

0 F_"_'j & Ywou doe6 Y ‘Jo's nt distri bution

Fg[x ) dy ° ckaw.ge wih y ot £ixed x
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Lastly, we want do be able +o compuie expectations. The
definition of e conditional expectafion is

E[j‘ X:( < fﬂ’?s\x [“j\x)c\y con difional mean

Efgty)\x:l = J gly 43', ijb‘)‘:‘:j condifonad LoTus

Nole: £ did not gt pwf forwulas here. Replace £-2p and
Lnk:aﬂ,lg with SUMS. A’lso, ore Can swap x amd
Yo oet cndidional probabikfies of » at o
g‘wm Y-
B. Random \Jectors

(D) A very auick veview of matrix GIthfw/anlCa(uS
SNAN v v

Avectoy 1s debined as componnts %; with owt directions ¢,

-

A
T
X = zl, X,‘: e = Ko | = [T\ ,5‘1,-"17(#\] '\"1"‘7“9]”“

W [}
"nj =~ " column veetor

A densor (s defined Similarly, except As componuts
an tndexed in two di mensions Ay amd the direcHous

an oo gnit dyad e; e _
:1 ‘ J Al\ A‘L e A(y\—\ 4 (.z,‘J mﬂk)
h A +enSov (s
h S Matrix wih
' drrechovs.

A - ?Z Aquéj =
- J
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Theve are numevews Q(gcbmiban-' Caleu)ns orem{-:'oms Fer-er.w.d
on  vectors and Jensers. We On(Aj need 4o veview a el .
Tor these exomples , lets consider

E'X‘ 3( A(( A(% B‘l B.n_
x; = A = ‘b:
Z X2 % 3.» = A‘M A2‘b 2 Buc By
Trangpose :
A < Quiap YoWS and
(Aq-)r’ Aji §T= Colzmns
)

X(tY( | element wise addifiom
e XatYy| Samt §or watrix [Hensor

SUMS «

imer prdeat
Au Bu t A('LB‘H Al\ 6{'1« +A‘|'L%27—

)
Aoz L Ay, ©
= = t"\ LJ

A'&\ %t\ + Az;&tl Au%n "'A‘Z'b 97,1.

“watrix mu (‘bi‘;l,:'aﬁl;ynq

h
.’.C‘i - z Keye = Ky, + x‘b‘y'» “dot ?mdud-"
=t

Troce - >
a A
Tr (A) = 2 4ii = Acthan @ “ | sumof the
=1 An diagonal elements

Novrw :
N 1‘.“ = (X"_CY/Z = (x'\z* .X':)kl' “dictance formala




(@) Distriloutions

Just 05 wt Saw with Hu mse Wit two wariables, we
can define mativariafe joink cdfs, pdfs ,and pmfs.

NN\

Jount cd &
F( Xi) ¥y "'I’C*') = F(ﬁ‘) = P(X(le ;)(t §8). K..SxQ

Joint pdf-
p( Z e V) = JJ.S ’S(ﬁl ] X"L) "'7(1\.) AX‘AXL-.. JX:'\

V < gome " hsjlaervo\dm" Vv

= ‘“’(\Q dx

v
nole fratos helove * &(9:

n

> F
oK, d%g .. 3,
Jont pmt :
Pl X 2%, , X2 %, - X2 X )= Pl%  Xay e Xn) = POX)

Now, i€ we want do elimimte ont (ormove) umriables from
e distribution, dhe process is aalled  wmongivali 2afion .

cdé mavg}mlizwh'on:
F {X. ) x'l) e )x“-()'—'- ‘F({',’x?) =) X’\"l)ﬂo)

pd(l mwginalizaﬁm*

&[K‘] X2y ;)(1\.") = r{: (Kl)x‘l., --',}‘n—t,)‘n) d¥n
-0

‘M\Q‘ «Margiv\a[i 2atiom * oo
?(X\,X'z,»-,xnﬂ = % P(x';’(‘)"‘)xh-n X"l\')
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Node mat:
e We can mm@iv\aﬁzc[“iﬂfegmfc oak" ) any variable
W 'JU%‘\’ Hue (agt.
« £€ ve maginalin e,\le-l:l«.lna . probalsi iy
will gt ws ot (ly axiom).

F\"M,l(t’, Je can alse hart sulbivariale condi Honal distvi butions

Con&‘HOM'l PJG’
&-(‘h I%'Z) ..-,va < ‘F(Ynl x() X’l)"‘] Xu-( ) {(X,, )(.‘7,,,,} Xm-( )

wofe! L‘IM lmviﬂg out” P digurefe case bere, bt i is m.avly
identrcal fo de contvuens ene.
e can furfhr decompose, 4ue conditional, pd £ into Successive

conditional, probalbilities. this te aalled fue chain rule.
NN ,\“0‘(’

n
#Cl. ) ¥y IX'D = ":(x‘)g‘L \ ('xi \ *u xz""’)ci.') {:(:a{(uc
EX‘-MFlé witm n=3: definhion ot

S0 oy XY = 50k \ K 16) £, 1) conditoml
woo do
= Fle |5, %) $CamlR) £ )¢ e tuo

= 'chl) %(X‘blfxz(){:(’@\ x(,X'b}

Indepeadnce weans :
'Y' (XI)X'I) ) xh) = 'F(¥|') ‘F()(z)- . 'F'[)(n)

s is &Pm{"'j bij obsumplion in mulfivariafe cases. Some Livue §




less dvastic O(SSUMP'HDM.S Such ag W

o wsed.

E‘ngP[(,? Full vs. Paivwise Tadependence for m=3
Rl K, )= F0) £(06) §6)

Pawvwise : £ (X, My y) = ‘YC)(; ‘ X,,X'z,) 'Y'(X‘,X-.,')
= L1, %)) £0x,[ %) §¥)

NN\~

'gC{L lX,) ;‘F [5(7,)
= £ F0L) (6l %, %)

“V—
Thisent s¥ays

(L) Expectation and moments

The el(pccfa-ﬁon operater is o Stmightferward generalization
of e bivariste gxpectwhon.

e 0 ny,dx,,...Jﬁ,
Elg&)]= fj} grx) $(x) dx
- S
m ean ¢ AR Ny
" mean vecster
Ei)_c]z EL.'X.‘.,] c :7- zﬂ 4/
_EDC.,]J _m,,\|
Z"‘L ww meats 6’.0\(.0\ ‘lrensov//ma{—rix called tre

corre\ ahion madkri x.
WVANANANANNAAN AL
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~E£X‘|KJ E‘.’clxg.J “er E{ K(X.\J

Elxx] = Elax] elnxl - £ (rx)

¢

= R
-
—

LEEM\J AP P Etc;xu]

Cendered Sewond momeuts gt o W

"

el (x- m)(-m)]

= C

——
—

«Zoth R and C are SYymmeric mafrices.

‘ Dzaaovul elements of C are e vawiance

"C‘-N [)C,,)C() “chum) e (K, K
cou (16X, ) oV (%) 30)

¢

{CW c’x'\, %,\ Cov C)"\, Y‘y) oo Cﬁ“él(,\,)',b

v 2f Cij=o fer (#), then Xi and X; are uvcorrelafed-

-k C

C is dizgomal | all X and K; are un corceladed.

One canalso cmpude a cross —Covaviane Motk from {wo
——— N A

di fteent vandom vectors

C Xy = ELx-m)(¥- ".!ly)]

F'cmllq ) o can calculade twe chawackerish e Funckion ugﬁnb
e e P P

on n-dimen Siomh Fowrier transform.

4w - fff e " 5 (x)dx

«09 -0° 09

- (K %)
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$¥) = (err)“ Tfj Sh dry) dw

The mean and compenents of tie corvelation aatri x
can be found 0519\6 chrivethwes of ¢ ().

9 - M E w.]
—_— Ww=0) & I

aw;cﬂ' Y= i €]

> ,
—_— )= —F UI:U’]
aw:éw\-lc/’cg °) [ !

@ n-Component Norwmal Dis+n bution

The mulkivarviade norwal pd€ is given lay

£0xy= — . Exp [—-‘7,(2-:«.)-9'(15-10]
[ ok ] z N invere of
\ deeminant Covari ance
of covariance matrix
madr

The chavoacterishic Lunchion is 8'“,9./\ [08:

plw) = exp(ix-m - 3 % C %)

A few useful factss
+ For a Gaussian vandom Vector, uncorceloded = tacependent
(becaust ¢ is diagonal)

o Lavel cets of e densidy are ellipsoids contentd b m.
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C-Random Fields

We will st in statisbical Hhermo fhat we have many vandon
variableS | and someliwes | eSPec?a((g if éhey aure Md«'si-injuishqaz,
if makes more sense fo twink of a andom field, cntuer

an  discrefe molecules.

Example:
. s.?ar(riclz% Mmove — 0 e Setd Hutuates o
COJV\ o o 0 ) "P UJLL
! t S t y 2

[ [
T 3
Ne MW"y Py x ~

(V) Vectov ~ funchon analoa#
A’l inbinite —di mevsionce( veckov is a fumetion .
AN T

b et egd” = £00

N30

1 don't wiant 12 go inte duo many Fremal dedwils. Tuine glout-
pogammcas for a mivafe € you ned an example .

Stmilarly) an  in finde-dimasiomal matrin (s a [mes operatss

. i ) wtor) .
(ea ac “’E(M’E‘Id, oper ) Fmctions, are veckers

Lim $-8 = 1.510() :30‘) cno hlbert yector spac,

Now &
and derivafives qyvt litaear

mmflc ;

operafors on it Space.

loO.... -l
L: 11| oo--.
“ L lo-tige-

L A linear opersdtor waps
Noo Ax | @01 dx P P

fu am*ﬂ awother one .




Juot ke we do yector algebra for finife dimensional veckors
we can do ikt fonckions 4oo-

inner P/Odyaf': .
x-y = Z %y (F,g3°f-§@)3&) dx
functional -

A veckor fmohiom mps o etk {0 a pnumber:
* SN
e £

A fonctional maps o Lunetion 40 & number :
) ~ FLf]
Tromple: o delinife Jntfegen!

FL£] = f?(x) dx

(o]
i f0 =% FE«’-]=fxdx* -

|
5 - %lo: 7
2 'r, )csl
€ S e, PIEls [xtdes 200 4

Just e we do multivariable ealculus, we can also do
calcalus with funchvmals.
functional derivative °

N, 9 Lim f 5¢ /_' \
dF = Z 5% 2 .. ¢mdx
=
T
Pav(/m( -FMC'(-«OM\
cexrivatwe doviurhve .

tow does G wymber ELE] change ag we \ary Fx)7?
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ot

£ unctiona( inﬂqn(?

G [[.f €6y ) 45 = f o T

Funchioral trtegral.
Ad op atl e nmbars £55] over ail fue different fyactions

£0<) tmat coutd comrbwibnde .

() Distributions
A\M(ogous +0 e definition for raudom vecfors, we can define
o pro ba bildy Amsi{-j -Funcﬁm\, PT.?-],

forers1=1 . P11k b et pit
o

spa-u.er@ anl

all funchions

Wsually , like we've seen wmany diwas PL€T was an exponentia|

- 3ifl S is aalled e “ochon”
piel = %‘.— e functional
Z= jD‘? e SLSI Z (s tihe vorwmalizafion

constant. (beeps [ofp(e)=1)
T4 is ofden difkicutt o compute 2, butit usuaql l‘y
cancels out, 30 we dott always need 4o do 1.

™ v il 4o &enembiu a od€ or o put ntmis context.
Like we Sew wdn candom vecfors, we cgn Wﬁ.&
probali(ty densidy fomchonal by infegrefing out Some
degrees ol £reedom.
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Lﬂ":‘ {Cx\ = 560 t k(X) SFG£ inbo two funehoug, c.g.
l,ong vs. short wave lengtn mockes.

P, 001 = g PLE) < joint
tflMar@}nq( K"Lu\{-veq-m{e owt" mocks W glx)
AWis Was application in coarse.-gmining and
W a process called “renovrmalization”
(1) Expectntion
T expectation opefa—l-w (s defined im a way Very

anqloaou.g & vandom  pecforvs

ELbL£]] = [or 0B P51

- S£1
= -';‘fb’r‘ 51it] e

. ETFT is 4 mean value of 4he field. olen £ or <£7
E(500] s e Huctuadion of the field-
. Ei'(-’wf(g)] 15 the correlation befuleen difreent points

W space.
%
e EL$00 903] s B correlakion between bwo differcnt fields,
(D) Example : The Gaussian proliabilily density functional
P1£] = 32_ exp X-éjdxf dy 300 Qq[x,ﬁ ?(3)]

Ackion : S[-?] < '%_' Jéfoy &30 Q-‘Ca(,g) §Cy)
N Lwo inner prodects




Normalizafion ! N

2= (b exp(-% [dafdy Foo 67009 )]
{ ()= £ ~ L8 §eg = £Ly) ~ELRG)
G« )‘J) = el ?‘3‘) 'Ef (-/)] , Covariance function

é,"(x,g\ : inverse covariance e pro pa gator.”
This s ueu.ablg a differeatic| epem-{-w

Example: §0¢,q) = 8(x-y)  “white woise &ield"
Eachpoint is independent

In statistal mechanics Glry) is reladed

e stricture factor, which can be measured

bH yﬂainb experimemts.

(iv.) Characteristic Functional

The chavactevistic functional i one of tine most usetul o(ojea‘;
when Whi*g with random Lields. T™is is because e
cannot usually oompude fanetional indegrmls, but we can
calculate Funchional dnvafiws get mments.

The cwavacteristic funchoml s defined as
L [ Toa 8605 VWi prodyal.
71 = Ef ot J P

. X K)'Fé")
- jb{ eLJJ JG prf]

JE) is the pew funchion | analogous to fe Fourie v

varcable i Hinile dimen sions.
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EXample : Cwaracterichic Funchomal of a Gaussian Ge(d
¢E‘J‘] - [ei. Scll( J’Cx)?&)] As “Sfm,t?l{ " g f"’ja(S.'
= exp [-5J4e [y 76 60t 3]

Funchonal devivatives of cfﬂ'J] 3]v¢ mowents of
e pdf.

1]
£] $00) S - £G4 = (1) $"¢ 51
83Lx) STy~ ST)

J=o0
E}(am,Ple ;

Gl = - S'¢LT]

5T (x>8T(ez) \ J=0

(v Ecmal comments

* One can define a condibioval onloqbilily demsHy

JEAPAES "%’3]

e We Wawe been cavalier about W
Ly e Gelds. T bwmlcw7 condiHong can be. < €. changs
. £ 20 ae r— +oo  (fast eroush) bmii
2 Bondd 4o a finide domain : rvichled, Newmann or
Robin condifion on hu [oow\clavy.
3. Peviodic boundaries

Y. Asyapbﬁc mfcuan{) (makches won-2evo af +00)




