










−𝜇
𝜕2𝑣𝑟
𝜕𝑧2

= 𝜌 𝜔2𝑟

𝜌
𝐷𝑣

𝐷𝑡
= −∇𝑃 + 𝜇∇2𝑣 + 𝜌 𝜔2𝑟

𝐹 = 𝑚𝑎

𝐹𝑔 = 𝑚𝑔

𝐹𝑐 = 𝑚
𝑣2

𝑟

𝐹𝑐 = 𝑚 𝜔2𝑟

𝐹𝑐𝑣 = 𝜌 𝜔2𝑟

𝜌
𝐷𝑣

𝐷𝑡
= −∇𝑃 − (∇ ∙ 𝜏) + 𝜌 𝜔2𝑟

𝐹𝑔𝑣 = 𝜌𝑔

Newtonian Fluid with constant density

Reference frame of moving plate as v = 0
Negligible Pressure gradient

Equation of motion, cylindrical coordinates

𝜌
𝐷𝑣

𝐷𝑡
= −∇𝑃 − (∇ ∙ 𝜏) + 𝜌𝑔

Body forces: use           instead of  𝐹𝑐𝑣 𝐹𝑔𝑣

Gravitational body force

Centrifugal body force

−𝜇
𝜕2𝑣𝑟
𝜕𝑧2

= 𝜌 𝜔2𝑟 Integrate

𝜕

𝜕𝑧

𝜕𝑣𝑟
𝜕𝑧

= −
𝜌 𝜔2𝑟

𝜇

න𝜕
𝜕𝑣𝑟
𝜕𝑧

= −න
𝜌 𝜔2𝑟

𝜇
𝜕𝑧

𝜕𝑣𝑟
𝜕𝑧

= −
𝜌 𝜔2𝑟

𝜇
𝑧 + 𝐶1

න𝜕𝑣𝑟 = −න
𝜌 𝜔2𝑟

𝜇
𝑧 + 𝐶1 𝜕𝑧

𝑣𝑟 = −
𝜌 𝜔2𝑟

2𝜇
𝑧2 + 𝐶1𝑧 + 𝐶2

Boundary Conditions

𝑣𝑟 = 0 𝑧 = 0@

𝜕𝑣𝑟
𝜕𝑧

= 0 𝑧 = ℎ@

𝐶1 =
𝜌 𝜔2𝑟

𝜇
ℎ

0 = 0 + 0 + 𝐶2

0 = −
𝜌 𝜔2𝑟

𝜇
ℎ + 𝐶1

𝐶2 = 0𝑣𝑟 = −
𝜌 𝜔2𝑟

2𝜇
𝑧2 +

𝜌 𝜔2𝑟

𝜇
ℎ𝑧

𝑣𝑟 =
𝜌 𝜔2𝑟

𝜇
−
𝑧2

2
+ ℎ𝑧

Sub in        and  𝐶1 𝐶2

Rewrite to simplify  

Appendix: Full solution



𝑞 = න
0

ℎ

𝑣𝑟𝑑𝑧

𝑞 =
𝜌𝜔2𝑟ℎ3

3μ

𝑣𝑟 =
𝜌 𝜔2𝑟

𝜇
−
𝑧2

2
+ ℎ𝑧

𝑟
𝜕ℎ

𝜕𝑡
=
𝜕(𝑟𝑞)

𝜕r

𝜕ℎ

𝜕𝑡
= −

𝜌 𝜔2

3𝜇𝑟

𝜕

𝜕𝑟
(𝑟2ℎ3)

𝜕

𝜕𝑟
(𝑟2ℎ3) = ℎ3

𝜕

𝜕𝑟
𝑟2 + 𝑟2

𝜕

𝜕𝑟
ℎ3

𝜕ℎ

𝜕𝑡
=
2𝜌 𝜔2 ℎ3

3𝜇
−
3𝜌 𝜔2 𝑟ℎ2

3𝜇

𝜕ℎ

𝜕𝑟
PDE

−
2𝜌 𝜔2 ℎ3

3𝜇
=

𝜕ℎ

𝜕𝑡
+

𝜌 𝜔2 𝑟ℎ2

𝜇

𝜕ℎ

𝜕𝑟

Use total derivative definition
𝑑ℎ

𝑑𝑡
=

𝜕ℎ

𝜕𝑡
+

𝜕ℎ

𝜕𝑟

𝑑𝑟

𝑑𝑡

𝑑ℎ

𝑑𝑡
= −

2𝜌 𝜔2 ℎ3

3𝜇

𝑑𝑟

𝑑𝑡
=
𝜌 𝜔2 𝑟ℎ2

𝜇

න
1

ℎ3
𝑑ℎ = −

2𝜌 𝜔2

3𝜇
𝑑𝑡

−0.5

ℎ2
= −

2𝜌 𝜔2

3𝜇
𝑡 + 𝐶1

−0.5

ℎ𝑜
2 = 𝐶1

−0.5

ℎ2
= −

2𝜌 𝜔2

3𝜇
𝑡 −

0.5

ℎ𝑜
2

Rearrange

2 ODEs from 1 PDE

Boundary Condition

ℎ = ℎ𝑜 𝑡 = 0@

Sub in  𝐶1

−0.5

1
= ℎ2 −

2𝜌 𝜔2

3𝜇
𝑡 −

0.5

ℎ𝑜
2

−0.5

−
2𝜌 𝜔2

3𝜇
𝑡 −

0.5

ℎ𝑜
2

= ℎ2

ℎ2 =
1

4𝜌 𝜔2

3𝜇
𝑡 +

1
ℎ𝑜
2



ℎ2 =
ℎ𝑜
2

4𝜌 𝜔2 ℎ𝑜
2

3𝜇
𝑡 + 1

ℎ =
ℎ𝑜

4𝜌 𝜔2 ℎ𝑜
2

3𝜇
𝑡 + 1

1/2

න
1

𝑟
𝑑𝑟 = 𝐴න

1

𝐵𝑡 + 1
𝑑𝑡

ln(𝑟) =
𝐴

𝐵
ln(𝐵𝑡 + 1) + 𝐶1

𝐶1 = ln(𝑟𝑜)

𝐴 =
𝜌 𝜔2 ℎ𝑜

2

𝜇 𝐵 =
4𝜌 𝜔2 ℎ𝑜

2

3𝜇

ln 𝑟 =
𝐴

𝐵
ln 𝐵𝑡 + 1 + ln(𝑟𝑜)

𝑟 = 𝑟𝑜
4𝜌 𝜔2 ℎ𝑜

2

3𝜇
𝑡 + 1

3/4

ln 𝑟

ln(𝑟𝑜)
=
𝐴

𝐵
ln 𝐵𝑡 + 1

𝑟

𝑟𝑜
= (𝐵𝑡 + 1)

𝐴
𝐵

𝑑𝑟

𝑑𝑡
=
𝜌 𝜔2 𝑟ℎ2

𝜇

𝑑𝑟

𝑑𝑡
=

𝜌 𝜔2 𝑟ℎ𝑜
2

𝜇
4𝜌 𝜔2 ℎ𝑜

2

3𝜇
𝑡 + 1

න
1

𝑟
𝑑𝑟 = න

𝜌 𝜔2 ℎ𝑜
2

𝜇
4𝜌 𝜔2 ℎ𝑜

2

3𝜇
𝑡 + 1

𝑑𝑡

Boundary Condition

𝑟 = 𝑟𝑜 𝑡 = 0@

Sub in  𝐶1

ln(𝑟𝑜) = 𝐶1

Rearrange

Solution for axial fluid position

ODE for r

Solution for radial fluid position



𝜕ℎ

𝜕𝑡
=
2𝜌 𝜔2 ℎ3

3𝜇
−
3𝜌 𝜔2 𝑟ℎ2

3𝜇

𝜕ℎ

𝜕𝑟
PDE

−
2𝜌 𝜔2 ℎ3

3𝜇
=

𝜕ℎ

𝜕𝑡
+

𝜌 𝜔2 𝑟ℎ2

𝜇

𝜕ℎ

𝜕𝑟

Use total derivative definition
𝑑ℎ

𝑑𝑡
=

𝜕ℎ

𝜕𝑡
+

𝜕ℎ

𝜕𝑟

𝑑𝑟

𝑑𝑡

𝑑ℎ

𝑑𝑡
= −

2𝜌 𝜔2 ℎ3

3𝜇

𝑑𝑟

𝑑𝑡
=
𝜌 𝜔2 𝑟ℎ2

𝜇

Rearrange

2 ODEs from 1 PDE

𝑟 = 𝑟𝑜
4𝜌 𝜔2 ℎ𝑜

2

3𝜇
𝑡 + 1

3/4
ℎ =

ℎ𝑜

4𝜌 𝜔2 ℎ𝑜
2

3𝜇
𝑡 + 1

1/2

ODE Solutions for

𝑟 = 𝑟𝑜 𝑡 = 0@

ℎ = ℎ𝑜 𝑡 = 0@

ℎ =
ℎ𝑜

𝐾ℎ𝑜
2𝑡 + 1 1/2 𝑟 = 𝑟𝑜 𝐾ℎ𝑜

2𝑡 + 1 3/4
𝐾 =

4𝜌 𝜔2

3𝜇

PDE Solution Summary


