
Ch En 374 Equation Sheet Exam 2

Properties of Water

ρ = 103 kg/m3

µ = 10−3 Pa s

γ = 72.9 mN/m (air interface)

Properties of Air at 27◦C and 100 kPa

ρ = 1.18 kg/m3

µ = 1.86× 10−5 Pa s

Unit Conversions & Constants

1 m = 3.2808 ft

1 kPa = 0.1450 psi

1 atm = 101.3 kPa = 14.7 psi

1 kg = 2.2056 lbm

1 slug = 32.174 lbm

1 lbf = 4.448 N = 1 slug · ft/s2

g = 9.807 m/s2 = 32.17 ft/s2

Equations

w = ∇× v

vx =
∂ψ

∂y
vy = −∂ψ

∂x

vr =
1

r

∂ψ

∂θ
vθ = −∂ψ

∂r

Df

Dt
=
∂f

∂t
+ v · ∇f

a =
Dv

Dt

∂ρ

∂t
+∇ · (ρv) = 0

∇ · v = 0

1

L

dL

dt
= p · Γ · p

Γ =
1

2

[
∇v + (∇v)T

]
F = An · σ

σ = −δP + τ

F =

∫
S
n · σdS

FD = −
∫
S
ez · nP dS +

∫
S
n · τ · ez dS

τ = 2µΓ

τ = µ
[
∇v + (∇v)T

]
f =

2τw
ρU2

CD =
2FD/A⊥
ρU2

U =
1

A

∫
vz dA

ṁ = ρUA = ρv · (−nA)

ṗ = ρvv · (−nA)

τrz = m

(
∂vz
∂r

n)

RePL =
8ρU2−nDn

m
[
2(3n+1)

n

]n
ρ
Dv

Dt
= ρg +∇ · σ

ρ
Dv

Dt
= ρg −∇P + µ∇2v

∇P = ∇P − ρg

0 = −∇P + µ∇2v

ρ
Dv

Dt
= −∇P

v = ∇φ

∇2φ = 0



Ch En 374 Equation Sheet Exam 2

vx
∂vx
∂x

+ vy
∂vx
∂y

= −1

ρ

∂P
∂x

+ ν
∂2vx
∂y2

vx(x, y) = U

[
3

2

(
y

δ(x)

)
− 1

2

(
y

δ(x)

)3
]

δ(x) =

√
840

39

νx

U

ρ
D〈v〉
Dt

= −∇〈P 〉+ µ∇2〈v〉+∇ · τ ∗

τ ∗ = −ρ〈uu〉

τ∗xy = ρε
∂〈vx〉
∂y

∇2P = −∇ · (v · ∇v)

df

dx
=
fi+1 − fi

∆x

d2f

dx2
=
fi+1 − 2fi + fi−1

(∆x)2

Expanded Vector Equations

Cartesian Coordinates

∂ρ

∂t
+

∂

∂x
(ρvx) +

∂

∂y
(ρvy) +

∂

∂z
(ρvz) = 0

ρ

[
∂vx
∂t

+ vx
∂vx
∂x

+ vy
∂vx
∂y

+ vz
∂vx
∂z

]
= −∂P

∂x
+ µ

[
∂2vx
∂x2

+
∂2vx
∂y2

+
∂2vx
∂z2

]
ρ

[
∂vy
∂t

+ vx
∂vy
∂x

+ vy
∂vy
∂y

+ vz
∂vy
∂z

]
= −∂P

∂y
+ µ

[
∂2vy
∂x2

+
∂2vy
∂y2

+
∂2vy
∂z2

]
ρ

[
∂vz
∂t

+ vx
∂vz
∂x

+ vy
∂vz
∂y

+ vz
∂vz
∂z

]
= −∂P

∂z
+ µ

[
∂2vz
∂x2

+
∂2vz
∂y2

+
∂2vz
∂z2

]
Γxx =

∂vx
∂x

, Γyy =
∂vy
∂y

, Γzz =
∂vz
∂z

Γxy = Γyx =
1

2

[
∂vx
∂y

+
∂vy
∂x

]
Γyz = Γzy =

1

2

[
∂vy
∂z

+
∂vz
∂y

]
Γzx = Γxz =

1

2

[
∂vz
∂x

+
∂vx
∂z

]

τxx = 2µ
∂vx
∂x

, τyy = 2µ
∂vy
∂y

, τzz = 2µ
∂vz
∂z

τxy = τyx = µ

[
∂vx
∂y

+
∂vy
∂x

]
τyz = τzy = µ

[
∂vy
∂z

+
∂vz
∂y

]
τzx = τxz = µ

[
∂vz
∂x

+
∂vx
∂z

]
Cylindrical Coordinates

∂ρ

∂t
+

1

r

∂

∂r
(rρvr) +

1

r

∂

∂θ
(ρvθ) +

∂

∂z
(ρvz) = 0

ρ

[
∂vr
∂t

+ vr
∂vr
∂r

+
vθ
r

∂vr
∂θ
−
v2θ
r

+ vz
∂vr
∂z

]
= −∂P

∂r
+ µ

[
∂

∂r

(
1

r

∂

∂r
(rvr)

)
+

1

r2
∂2vr
∂θ2

− 2

r2
∂vθ
∂θ

+
∂2vr
∂z2

]
ρ

[
∂vθ
∂t

+ vr
∂vθ
∂r

+
vθ
r

∂vθ
∂θ

+
vrvθ
r

+ vz
∂vθ
∂z

]
= −1

r

∂P
∂θ

+ µ

[
∂

∂r

(
1

r

∂

∂r
(rvθ)

)
+

1

r2
∂2vθ
∂θ2

+
2

r2
∂vr
∂θ

+
∂2vθ
∂z2

]
ρ

[
∂vz
∂t

+ vr
∂vz
∂r

+
vθ
r

∂vz
∂θ

+ vz
∂vz
∂z

]
= −∂P

∂z
+ µ

[
1

r

∂

∂r

(
r
∂vz
∂r

)
+

1

r2
∂2vz
∂θ2

+
∂2vz
∂z2

]
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Γrr =
∂vr
∂r

, Γθθ =

[
1

r

∂vθ
∂θ

+
vr
r

]
, Γzz =

∂vz
∂z

Γrθ = Γθr =
1

2

[
r
∂

∂r

(vθ
r

)
+

1

r

∂vr
∂θ

]
Γθz = Γzθ =

1

2

[
∂vθ
∂z

+
1

r

∂vz
∂θ

]
Γzr = Γrz =

1

2

[
∂vz
∂r

+
∂vr
∂z

]

τrr = 2µ
∂vr
∂r

, τθθ = 2µ

[
1

r

∂vθ
∂θ

+
vr
r

]
, τzz = 2µ

∂vz
∂z

τrθ = τθr = µ

[
r
∂

∂r

(vθ
r

)
+

1

r

∂vr
∂θ

]
τθz = τzθ = µ

[
∂vθ
∂z

+
1

r

∂vz
∂θ

]
τzr = τrz = µ

[
∂vz
∂r

+
∂vr
∂z

]
Spherical Coordinates

∂ρ

∂t
+

1

r2
∂

∂r
(r2ρvr) +

1

r sin θ

∂

∂θ
(ρvθ sin θ) +

1

r sin θ

∂

∂φ
(ρvφ) = 0

ρ

[
∂vr
∂t

+ vr
∂vr
∂r

+
vθ
r

∂vr
∂θ
−
v2θ
r

+
vφ

r sin θ

∂vr
∂φ
−
v2θ + v2φ

r

]
=

−∂P
∂r

+ µ

[
∇2vr −

2

r2
vr −

2

r2
∂vθ
∂θ
− 2

r2
vθ cot θ − 2

r2 sin θ

∂vφ
∂φ

]
ρ

[
∂vθ
∂t

+ vr
∂vθ
∂r

+
vθ
r

∂vθ
∂θ

+
vφ

r sin θ

∂vθ
∂φ

+
vrvθ
r
−
v2φ cot θ

r

]
=

−1

r

∂P
∂θ

+ µ

[
∇2vθ +

2

r2
∂vr
∂θ
− vθ

r2 sin2 θ
− 2 cos θ

r2 sin2 θ

∂vφ
∂φ

]

ρ

[
∂vφ
∂t

+ vr
∂vφ
∂r

+
vθ
r

∂vφ
∂θ

+
vφ

r sin θ

∂vφ
∂φ

+
vφvr
r

+
vθvφ cot θ

r

]
=

− 1

r sin θ

∂P
∂φ

+ µ

[
∇2vφ −

vφ

r2 sin2 θ
+

2

r2 sin θ

∂vr
∂φ

+
2 cos θ

r2 sin2 θ

∂vθ
∂φ

]
∇2 =

1

r2
∂

∂r

(
r2
∂

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

r2 sin2 θ

(
∂2

∂φ2

)

Γrr =
∂vr
∂r

Γθθ =

[
1

r

∂vθ
∂θ

+
vr
r

]
Γφφ =

[
1

r sin θ

∂vφ
∂φ

+
vr
r

+
vθ cot θ

r

]
Γrθ = Γθr =

1

2

[
r
∂

∂r

(vθ
r

)
+

1

r

∂vr
∂θ

]
Γθφ = Γφθ =

1

2

[
sin θ

r

∂

∂θ

( vφ
sin θ

)
+

1

r sin θ

∂vθ
∂φ

]
Γφr = Γrφ =

1

2

[
1

r sin θ

∂vz
∂r

+
∂vr
∂z

]

τrr = 2µ
∂vr
∂r

τθθ = 2µ

[
1

r

∂vθ
∂θ

+
vr
r

]
τφφ = 2µ

[
1

r sin θ

∂vφ
∂φ

+
vr
r

+
vθ cot θ

r

]
τrθ = τθr = µ

[
r
∂

∂r

(vθ
r

)
+

1

r

∂vr
∂θ

]
τθφ = τφθ = µ

[
sin θ

r

∂

∂θ

( vφ
sin θ

)
+

1

r sin θ

∂vθ
∂φ

]
τφr = τrφ = µ

[
1

r sin θ

∂vz
∂r

+
∂vr
∂z

]


