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DISSIPATIVE OPERATORS IN A BANACH SPACE

G. LuMER AND R. S. PHILLIPS

1. Introduction. The Hilbert space theory of dissipative operators'
was motivated by the Cauchy problem for systems of hyperbolic partial
differential equations (see [5]), where a consideration of the energy of,
say, an electromagnetic field leads to an L, measure as the natural
rorm for the wave equation. However there are many interesting
initial value problems in the theory of partial differential equations
whose natural setting is not 2 Hilbert space, but rather a Banach space.
Thus for the heat equation the natural measure is the supremum of the
temperature whereas in the case of the diffusion equation the natural
measure is the total mass given by an L, norm. In the present paper
2 suitable extension of the theory of dissipative operators to arbitrary
Danach spaces is initiated.

An operator 4 with domain T(A4) contained in a Hilbert space His
czlled dissipative if

(1.1) re(Az, z) £ 0, ze DA),

and maximal dissipative if it is not the proper restriction of any other
tissipative operator. As shown in [5] the maximal dissipative operators
+ith dense domains precisely define the class of generators of strongly
continuous semi-groups of contraction operators (i.c. bounded operators
of norm <1). In the case of the wave equation this furnishes us with
a description of all solutions to the Cauchy problem for which the energy
is nonincreasing in time. Our aim will be to characterize the generators
of all strongly continuous semigroups of contraction operators in an arbi-
trary Banch space. For this we shall use the notion of a semi inner-

product, introduced in [4].

DEFmNITION 1.1. A semi inner-preduct is defined on a complex
(real) vector space X if to each pair 2,Y in % there corresponds a com-
plex (real) number [x,y] in such a way that:

[z +v,2] =[z2 + 7]

(1.2) : z,y,z e X and N complew real) ;
[, ¥] = Mz, ¥] v (real
(1.3) [z, z] >0 for x+0;
(1.4) [, y]i* £ [z, 2]y, 4] z,yeX.

Received June 7, 1960. The second named author wrote this paper under the sponsor-

ship of the National Science Foundation, contract NSF G 6330
! The term operator will be understood throughout as denoting a linear transformation,

not necessarily bounded, with domain and range subspaces of the same space.
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Such an X is called a semi inner-product space (in short a 3.2.p.s.),

One easily shows (see [4]) that any s.i.p.s. is 2 normed space, the
norm being defined by |2 | = [z, 2]

Conversely any Banach (or normed) space can be made into 2 s.i.p.s.—
and this in general in infinitely many ways—as follows: Let X denote
2 Banach space with adjoint space ¥*. According to the Hahn Banach
theorem to each z € X there corresponds at least one (and let us choose
exactly one) bounded linear functional Wx e X* such that (x, Wx) =
Wix(z) = |z [". Then clearly [z, y] = (z, Wy) for each «,y € ¥ defines a
semi inner-product on X. It is clear that there is a unique semi inner-
product compatible with the norm of a given Banach space if and only
if its unit sphere is “smooth” in the sense that there is a unique sup-
porting hyperplane at each point. In particular for a Hilbert space the
only semi inner-product is the usual inner-product.

DEFINITION 1.2. An operator A with domain T(A) in a s.i.p.s. X
18 called dissipative if

{1.5) re[Az,z] <0, re D4).

DEFINITION 1.3. For any operator A with domain T(A) 1n a s.1.p.s.
X, we define its numerical range W(A) as

(1.6) W(4) = [[Az,2]; zeD(4), |z|=1],

and set
6(A) = sup re{W(4)} .

In the sequel, although the connection between dissipative operators
and semi-group of contraction operators is always kept in the foreground,
only 8§83, 4 and 5 deal primarily with semi-group theory. Section 2 is
concerned with bounded dissipative operators and their relation to the
geometry of the unit sphere S of B(X), the algebra of all bounded oper-

ators on X. The following identity, previously proved in [4], is basic
for these considerations:

a.7m 6(4) = lim t(| I + t4] — 1), Ae BX);

here I is the identity operator.® In particular, we show that a conjecture

* The relation (1.7) is readily verified when £ is a Hilbert space. In fact for z €%,
fzl=1, and ¢t > 0, we have

I+ tA)zi2 = (z + tAz, x + tAz) = 1 + 2tre(Az, z) + t2] Az .
As a consequence

[T+ tARPS1 + 2t0(A) + t21Af2
and also

2re(Axz, ) St~ T+ tAPP - 1)+ t|A2.
Hence

6(A) = lim (2t)-* (| ] + tA 2 — 1) =1lim¢t-{(I+tA]|—-1).
t—ot
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o Bohnenblust and Karlin [1]—concerning the non-existence of tangent
ravs to S at I in the direction of the radical—is false. On the other
mand we show that if a suitable condition (on the growth of the re-
so.vent of the quasi-nilpotent operator in question) is assumed, then the
conclusion of the conjecture is valid; in particular, the conjecture always
7atds in the finite dimensional case.

The relation (1.7) is also of interest in semi-group theory. In fact,
- a strongly continuous semi-group of operators [S(t); t = 0] with
inzinitesimal generator A, if we define the local type w(A) as
(1.3) w(4) = lim ¢~ log | S(¢) |

t—ot
t=¢¢ |3; Theorem 7.11.1]), then for A e B(X) and S(t) = exp (t4), it is
c=ar that
w(4) =limt\(jI+tA]—-1),

L™

a1 hence by (1.7) that
1Y) w(A) = 8(4) .

Tz result extends to the case of unbounded A as does the following
- ~eralization of (1.7) (proved in §3)

10 sup limt(jo + tAz | — 1) < 8(4) < sup limé'(Jz + tAz| — 1) .
A SR lz|=1 t—0t

e 4 T€3(4)

)

Section 3 deals with unbounded dissipative operators and their con-
- tion with the generation of semi-groups of contraction operators. It
+ ~hown that an operator A with dense domain in a s.i.p.s. ¥ generates
+ <rongly continuous semi-group of contraction operators if and only if
. < dissipative and the range of I — A, in symbols R(I — 4), is X. In
turticular this will be the case if A is closed, densely defined, and both
1 ind A* are dissipative. It is clear that any dissipative operator has
: maximal dissipative extension. Now if 4 is a dissipative operator
#:11 dense domain in a Hilbert space then R — A) is Xif and only if
A s maximal dissipative. Unfortunately the situation is not that simple
> reneral; we show by example that A can be maximal dissipative with
‘w2se domain and yet R(I — A) need not be dense in . On the other
"an 1, it is shown that 4 generates a semi-group of contraction operators
T is dissipative and if the set [x; z € D(A~), | A"z V" = o(n)] is dense
% % It is clear that the above condition holds for self-adjoint opera-
7= on a Hilbert space, or more generally that it holds for all unbounded
“i7iral operators in the sense of Dunford. Itis shown that this condi-
"~ also holds for all generators of groups of operators, but not for all
~7n:rators of semi-groups. Two lemmas concerning the smallest closed
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extension of a dissipative operator with dense domain are given at the
end of §3.

Finally it was noticed that in certain physical initial value problems,
a given generator could be, roughly speaking, dissipative with respect
to several norms simultaneously. In a cooling process, for instance, the
maximum temperature is nonincreasing as is the total amount of heat
in the body; thus the semi-group solution consists of contraction opera-
tors in both an L. and an L, setting. With this as motivation, it is
shown in §5 that if [S(f)] defines a semi-group of operators of finite
local type @, on L, and of finite local type @, on L, 1= p<q < o,
then as a semi-group acting on L, N L, it can be extended to be a semj-
group of local type w, £ aw, +~ Bw, on L here a,R3 20, a+8=1,
and s'=ap? + S¢7'. A similar convexity type result involving con-
ditions on the generators rather than the semi-group operators is alse
established.

2. Bounded dissipative operators. This section is concerned with
bounded dissipative operators on a Banach space X. We show first of
all that A € B(X) is dissipative if and only if the semi-group exp (t4)
generated by A is a semi-group of contraction operators. Next we con-
sider the special class of dissipative operators for which sup re{W(A4)} =
0 in connection with the geometrical properties of the unit sphere of
B(X). Among other things we disprove a conjecture of H. F. Bohnenblust
and S. Karlin [1] by exhibiting a non-trivial quasi-nilpotent bounded dis-
sipative operator.

LEMMaA 2.1. If A is a bounded dissipative operator on a s.i.p.s.
X, then the resolvent of A, namely R(\, A) exists for rex > 0.

Proof. Denote the spectrum of A by 6(A) and suppose \ is 2 point
in the boundary of o(4). Then there exists a sequence {z,} C %, |z.| = 1.
such that (\] — A)z, — 0. It follows that [\z, — Az,, T,] = A — [42,, 7.]—
0, and since re[Azx,, z,] <0, we see that ren < 0; consequently the
spectrum itself if contained in the half plane re\ < 0.

Combining Lemma 2.1 and Theorem 3.1 we have

THEOREM 2.1. A bounded operator on a s.i.p.s. generates a semi-
group of contraction operators if and only if it is disstpative.

REMARK 1. In the previous theorem all that is required is to show
that |exp (tA)| <1 if and only if A is dissipative. This however is a8
immediate consequence of the relation (1.9) which in turn depends o8
(1.7) or, equivalently, on (3.8).
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DISSIPATIVE OPERATORS IN A BANACH SPACE 683

ReEMARK 2. Theorem 2.1 implies also that if 4 is a bounded dis-
sipative operator with respect to any s.i.p. consistent with the norm of
a Banach space X, then it is dissipative with respect to any other such
s.i.p.. This fact could also be obtained from the corollary of Lemma
3.2; it is also a consequence of a general linear space lemma given in
the appendix.

In considering the geometry of the unit sphere S of B(X), we first
recall some terminology. Let I be the identity operator, and A e B(X),
4 #0, we refer to {I + tA:¢t = 0} as the “ray generated by I and 4.”
According to [1], the ray generated by I and 4 will be said to be
tangent to S at I, if

2.1) limi'(I+tA|-1)=0.
We have then as an immediate consequence of (1.9) and (8.8).

LEMMA 2.2. The ray generated by I and A is tangent to S at I,
if and only if sup re{W(A)} =0 (or equivalently, if and only if A gener-
ates a semi-group of local type 0).

Inspecting the proof of Lemma 2.1, we see at once that if in parti-
cular 4 is quasi-nilpotent, then sup re{W(4)} = 0. Hence we also have

COROLLARY. A quasi-nilpotent bounded operator generates with I
1 ray tangent to S at I, if and only if it is dissipative.

Bohnenblust and Karlin conjecture in [1] that in no Banach algebra
can there exist a ray tangent to the unit sphere at the identity which
is generated by an element of the radical. In order to show that this
conjecture is false, it suffices, in view of the above corollary, to exhibit
2 non-trivial quasi-nilpotent dissipative operator 4 on a Hilbert space %,
considering A to belong to some commutative subalgebra of B(%) con-

. taining T and A.

THEOREM 2.2. There exists a bounded quasi-nilpotent dissipative
Operator A on a Hilbert space X, different Sfrom 0,

Proof. Let X = LY0, 1]. And set

ol—7) for 0so<7<1
Tl—o0) for 0S7t=<0<1

9(o, 7) = {

This is the Green’s function corresponding to the boundary value problem
—(d'/d¢?), z(0) = (1) = 0. Thus the operator G defined by

(Gz)(0) = jg(a, D)x(t)dr zex,




ey Pecre wgw.

et diad

684 G. LUMER AND R. S. PHILLIPS

" is selfadjoint and positive. Now consider

ol 1‘_)_{0 for o=
" lgle, ) for t<a
and define
2.2) (42)0) = — |a(s, Dyz(v)d= zex

Then A + A* = —G, hence re(Az, z) <0 for x € X, so that A4 is dissi-
pative. Moreover it is easily verified that | A" %" — 0, and the proof is
complete.

THEOREM 2.3. Let A be a bounded quasi-nilpotent operator om a

3.1.p.s. X, whose numerical range W(A) = {[Axz, z); [z, ] = 1} is com fined.

to an angular region 2, with vertex at 0 and angle wjc, 0 < =ja < 2=
If |R(\, A)| =0(exp|M]F), B< a, as N\ —0 in some angular region
strictly containing 2, then A = 0.

Proof. For the sake of clarity let us use 2, to denote the angular
region (in the complex plane) with vertex at 0 and angle 8, bisected b
the real axis. We may assume without loss of generality that 2 = 2. ..

Next we consider F'(A) = (I -~ MA)"*. Since A is quasi-nilpoten:.
F()) is an entire function in the complex variable N. We shall =
show that |F(\)| =0(1) as A —0 for M € 2, with < 27 — =/a. For
zek%k [z,2]=1,

[(I+2A)z| =z |z + 2Az, z]| = |1 + M4z, 2]
If xe 2, then 1+ A[Az,z]el + 2., and the minimum distance
M(6) from the origin to the latter set is positive. It follows that

I(I+XA)zI;LI(9)]xl for ze X

1
€ —_ o,.
IFV | = Ok for M e

On the other hand we have

| FO)| = ,—LIR(—N“. A)! = 0(exp| M [f)
as A — o in a region —2,, » > =/a. We now choose 8§ < 2% —-’-/fr in
such a way that the complement of 2, (i.e. —0,._,) is contained strictly:
in both -2, and —2,,. Then

[F(\) | = 0Q1) in 2,
| F(\)] = 0(exp|}{") as N — o in —Q;s0 .
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Under these conditions one can apply the Phragmen-Lindelof theorem to
the numerical valued functions f (F(\), f being any bounded linear
fanctional on the algebra BV(X) of all bounded operators on X. One
ascludes that [f(F(\)] = O(1) in the entire plane, hence F(F(\) =
SIFO) = rfT); F(\) =1, and consequently 4 = 0,

COROLLARY. Ifdisa dissipative, quasi-nilpotent bounded operator
ez G 5..p.8., and |R(\, A)| = O(exp|X[*%), >0, as L\ —0 in some
esmiar region strictly containing the half plane rexn <0, then A = 0.

" Natice that for the operator A defined in (2.2) one verifies easily
22t RN, A) = 0(exp IN|Y) near 0: which shows that the condition in
Treorer2 2.3 is sharp.

We also have the following.

CORCLLARY. [IF Alisaq quast-nilpotent, dissipative, and X is finite
cumensional, then 4 - Q.

Croof. In this case R(\, 4) is a polynomial in .-, hence 1 RB(\, A) | =
vexd \7), & >0, near 0.

Next, using the “zet that a dissipative bounded operator generates
= s.migroup of contraciions we obtain another condition under which 2

cssuetive quasi-nilpotent bounded operator vanishes.
THEGREM 23. Tct A be g bounded quasi-nilpotent dissipative
eneraior dejined on a s.i.p.s. X. If for some k = 0
exp (t4) = O(t*)
@ t——oo, then A =0,
Praof. It is known (see [3; Theorem 3.13.8]) that an entire vector-
vatues function F'(2) of ovder one and of minimal {ype such that |F(t)| =

0-‘. £*) for real ¢, is necessarily a polynomial in z of degree < k. Setting
£12) = exp (zA) we sec that

[ F(z)| S exp(lz]|Al)

% that F(2) is of order one. Moreover, since A is quasi-nilpotent, given
¢ >0 there is an N, such that |A*] < ¢ for all » > N,. Hence

IF(Z)' < :_Si |z l",A *inl + evini < g%t

for 1z: sufficiently large. Therefore

lim sup » ' sup [log | F(z); |z] = r] = 2z,
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and ¢ being arbitrary, it follows that F{(z) is of minimal type.
is dissipative and hence | F° (©)i = 1forrealt >0. By
O(lt*) for real negative ¢,
and we may conclude that
then

Thus the ahove mentioned re
F(z2) is a polrnomial, say of degree m,

livm Inf!z=F(zi >0,
In particular this holds for real po
words exp (tA) = F(0) =7 and A = adF iz, =0.

3. Unbounded dissipative operators. We now consider unbounded
linear operators satisfying the dissipa

tive condition (1.5), Unlike the
bounded case, the property of being dissipative for an unbounded oper-
ator on a Banach space ¥ will in general devend on the particular semj
inner-product (compatible with the norm of X) that is used. As wa

have already mentioned such operaters play an important role in ite
theory of semi-groups of operators (see [3]).

LeMya 8.1, IF A s dissipative and \ > 0, then (M — A) exista
and 1is bounded with norm < N\,

Proof. Suppose f == Ny — Ay, Then
My =My, vl = relMy, y] — [4y. 5] = relf,yl < | fFlly].

2

THEOREM 3.1. 4 necessary and suiicient condition Jor a line:r
operator A with dense domain to generate a strongly continuous semi-

group of contraction operators is rhet 4 be dissipative and th:t
R(I-A) =%,

Proof. Suppose [S(¢); ¢t = 0] isa

strongly continuous semi-group of
contraction operators. Then

re[(S(t)x — z), z] = re[Stt)r, x] — 'z P2
so that for z e T(4)

IA

0

re[Az, ] = lini re t7[(S(tjr — x),2] 0.
t—0

Thus the infinitesimal generator A4 is dissipative. Moreover it is known
(see [3; Theorem 12.3.1]) that =(A) is dense and that R(I —A)=f'
Conversely if 4 is dissipative, we sze by Lemma 3.1 that W\ —A)* s
of norm < \! forall > 0. By assumbzion R(I — A) =X sothat v=1
is in the resolvent set of A. Denoting the resolvent of 4 at M by
R(\; A), it readily follows (see [3; Cor. 2 0 Theorem 5.8.4)] that

sitive z so that m = 0, In other

Now 4
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R(\; A) = R(1L; AT + (v — 1)R(1; A)™

for »— 1] < 1. Since the dissipative property now implies |R(\; 4)| <~

v+ for |[M—1/< 1, the method of analytic continuation shows that
Biv A) exists for all M > 0 and is of norm < M for all such M. Since
2.4} is assumed dense in X, it now follows from the Hille-Yosida theo-
re= |3; Theorem 12.3.1] that A generates a strongly continuous semi-
group of contraction operators.

COROLLARY. If A tis a densely defined closed linear operator and
.f toth A and A* are dissipative, them A generates a strongly con-
tiruous semi-group of contraction operators.

Proof. In view of the previous theorem, it suffices to show that
iz range of I — A is all of X. However since (I — A)™* is closed (with
A+ and bounded, R(I — A) will in any case be a closed linear subspace
<! Z. Hence if it is not all of X there will exist a non-trivial z* e %*
sech that (x — Az, z5) = 0 for all x € D(A). As a consequence zy € D(A*)
and 7f — A*zy = 0. The dissipativeness of A* then implies z* =0
riemma 3.1), contrary to the choice of z}. It follows that R(I — 4) = %.

REMARK 1. Since being a generator of a semi-group of contraction
¢;erators is independent of the choice of semi inner-product, we may
conclude that an operator A with dense domain and R(I — A) = X which
i« dissipative with respect to one semi inner-product, will be dissipative
with respect to any other semi inner-product compatible with the norm
of X,

REMARK 2. Let [S(t)] be a strongly continuous semi-group of oper-
ators with infinitesimal generator A and of local type w(4). Setting
2.1 w = suptlog|S(t)],

t—o+

%e see by [3; Theorem 7.11.1] that @ = w(4) whenever w < . In
s case T(t) = exp[— @] S(¢) defines a semi-group of contraction
ojerators with infinitesimal generator A’ = A — wl. By the above theo-
rem A’ will be dissipative so that

5.2 - 020A)=604) —w.

({!‘- the other hand if 4 is a generator, then so is A” = 4 — 8(4A)] and
since A" is obviously dissipative, Theorem 3.1 implies that exp [—8(A4)t]
Stt) is a contraction operator. As a consequence [S(t)] is of local type
= €(4) and combining this with (3.2) we obtain

3.3) 0(A) = w(A) .
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By way of illustrating the above discussion we consider semi-groups

of contraction operators on the space C(S) of real-valued continuoys"

functions defined on a compact Hausdorff space S with infinitesimaj
generator A taking the constant functions into 0. We shall show thas
the semi-group operators are necessarily positive. It suffices to prova
(see [3; Theorem 11.7.2.]) that R(\; A) is positive for A > 0. For a given
f € C(S) with a maximum of |[f(x)] at z, we define Wf by (g, Wy) =
g(z,) f(x,) = [g, f]. Suppose for y € T(A) and fixed N > 0 that My — Ay =
f =0 and that y(z) has a minimum at z,. Then for ¢ sufficiently largs
| y(x) — ¢| assumes its maximum value at z,. In view of Remark 1 we
can choose W(y — ¢) so that

(Aly —¢), Wly — ¢)) = [A(y — O))(z)(y(xo) — ©) .

Since A is dissipative this expression is < 0 and this together with dc =
0 implies (Ay)(x,) = 0. Hence

Y(@) 2 Y(@o) — (AP)(E) = f(x) 2 0,

which is the desired result.

It is clear from Lemma 3.1 that if A is dissipative then I — A is
one-to-one. Consequently when R(I — A) = % the operator A is neces
sarily maximal dissipative in the sense of not having a proper dissipa-
tive extension. Thus it follows from Theorem 3.1 that the generatoss
of strongly continuous semi-groups of contraction operators are maxirai
dissipative operators with dense domains. The converse has been show:
to be true when X is a Hilbert space (see [5]). Unfortunately, as the
example given below shows, this converse is not in general valid.

ExaMpLE. Let X = CJ[0, 1] be the continuous real-valued functiors
on [0, 1] which vanish at z = 0 and 1. For each f e C)0, 1] pick an =
at which |f(z)] attains its maximum and define the semi inner-produc:

by [9,f] = 9(=.)f(z,). Finally we set

Ay =y
D(A) = [y; y(x) continuously differentiable, y and ¥’ in CJ0, 1]].

One readily verifies that A is dissipative (in fact [Ay, y] =0, y € T(
and that D(A) is dense in C,{0,1]. On the other hand

R — A) = [f; feCio, 1], g:e“f(x)dx = o] ,

which is obviously not even dense in C,[0,1]. We now prove that 4 s

maximal dissipative. If this were not the case there wou~ld exist &
proper dissipative extension, say A. Suppose u belongs to T(A) but not
to T(A) and set ¢ = u — Au. For fixed z, 0 < z, < 1, we construct 3
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<

!.'* CJ{0, 1] such that f(z) = g(z) for = > &, and such that S:e“ f(z)dz =

g Then f€ R(I — A) so that there is a ye 2(4) with y — Ay =f.

for w=y — 4 we see that [Aw](z) = w(z) for £ > z,. Suppose
sow that w(z) has a positive relative maximum at z, > z,. In this case
we choose a smooth £, 0 < A(x) <1, so that z, is a maximum of w(z)
ea the support of A (contained in [z, 1]) and so that h(z) equals one
e'yatz,. Then he Z(A) and [Ah}(z,) = 0. For sufficiently large posi-
eve ¢, it is clear that |w(z) + ch(x)| has its only maximum at z,. For

wxk ¢,
g.4) [A@e + ch), (w + ch)] = {[Aw](z.) + c[Ah)(z)Hw(z) + ch(z)} > 0

wsce [Aw](z,) = w(z,) > 0 by assumption. The relation (3.4) is contrary
s 4 being dissipative. Thus w(z) can not have positive relative maxi-
=== (nor negative relative minimum) for z > z, and hence if w(z) is
=0 identically zero for z e (x,, 1) there will be a portion of this interval
;- which it is, say, positive and decreasing. Suppose w(zx,) > 0, z, > z,.
We again choose k as above (with the additional assumption that A”(z) < 0
ee2r 7,) and we see that for ¢ sufficiently large, | w(x) + ch(z)| will have
2 maximum at a point z. just to the left of x, where h'(x) = 0. Again
te see by (3.4), with z, replaced by z., that this is impossible and we
cencinde that w(x) =0 for all z >z, This implies that [Ziu](x) =
viyliz) = ¥'(x) = w'(z) for all z > z,, and since x, was quite arbitrary
we see that Au = u’. This shows that u actually lies in ©(4) and hence
t2at 4 is maximal dissipative.

Because of the important role played by the numerical range in
these considerations it is of interest to obtain independent estimates for
the supremum of the real part of the numerical range of A, that is for
AA). The following result generalizes the relation (1.7) which has been
830wn by Lumer [4] to hold for all bounded operators on a Banach space.

LEMMA 3.2. If A is a linear operator, then
85) sup Imt(|z + tdz|—1) < 8(4) < sup lim¢-'(z + tdz|—1).

Izlt=1 .0+
Play ZED(4)

Proof. 1t is clear for z € D(A) and |z| =1 that
Hlz +tAz, z]| = (1 + 2tre[Az, 2] + o)} = 1 + tre[Az, x] + o(t) ,
and hence that

re{Az, z] = lim ¢4 [z + tAz, 7]| ~1} < limtY(z + tdz| =1).
t=s0 0t
T‘m &‘fablishes the right inequality in (8.5). The left inequality is
Vil if 6(4) = . If this is not case, we set ¥y = z + tAx. Then for
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z e (A% and t < {6(A)}' we have

lylly —tAy| 2 |y — tAy, y]l 2 |y — tre[Ay, y] = (1 — to(A)} |y .-
For |z| =1, the above inequality together with

(3.6) ly —tAyi =z — A% | =1 + o(t)

gives

3.7 t7'(lz +tAz| — 1) S t7{[1 + o(®)][1 — t8(A)]* —1} = 6(4) + o(1) .

which is the desired result.
In case A is bounded we see that (3.6) holds uniformly in z, |z|=
1, so that (3.7) now implies

(I + tA] ~1) = sup (1= + tAz | —1) < 6(4) + o(1) .

It is also clear that the right inequality in (3.5) continues to hold if we
interchange lim inf and sup. We therefore obtain as a

CoROLLARY. If A is a bounded linear operator, then

(3.8) 84 = HIE (I +tA]-1).

Of primary importance in applying the theory of semi-groups is a
convenient criterion for an operator to be a semi-group generator. In
the case of a dissipative operator A with dense domain we have seen
that R(I — 4) = ¥ is sufficient but that maximality is not. We now
give another sufficient condition covering a fairly large class of opera-
tors.

THEOREM 3.2. Let A bé a closed dissipative operator and suppose
that .

| A"z [ = o(n)
on a dense subset D of TJ(A"). Then A generates a strongly continuous
semi-group of contraction operators.

Proof. We begin by defining

S(tyr = 3 t"/n! Az

for all z € D. It is clear from the abstract Cauchy-Hadamard theorem
(see [3; Theorem 3.11.4]) that ® is precisely the subset of T(4) for
which the above series converges for all ¢ = 0. As a consequence S(¢)
is a linear and strongly continuous on D. Moreover since A is assumed
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closed it is readily verified that
A*S(t)x = S ttn! A* .
r=0

Therefore

exp (sA)[S(t)z] = ;:_; st/k! 2 tnl A¥rg

and since this double sum is absolutely convergent for all s it follows
that S(t)x belongs to . Rearranging terms we verify that S(s)[S(t)z] =
Sis + t)z. Thus S(¢) defines a strongly continuous semi-group of opera-
tors on D.

We next show that S(¢) is a contraction operator on ®. In fact
the series form of S(s) implies that

[S(s)S(t)x | — | S(t)x| = | S(t)x + sAS(t)z | — | S(t)z | + O(s*) .
Hence by Lemma 3.2 we may conclude that
lim 5[ S(s + )z | — | S(t)= ]
T ssuplrelay, yli v = 1Sty e D] S0.

Thus |S(t)z | is a non-increasing function of ¢ and since S(0)x =2 we
conclude that |S(f)z ]| < jz| forall ¢t = 0.® Since D is dense by hypothesis,
we see that S(¢) has a unique closed linear extension on X which is
again a contraction operator. To simplify our notation we shall also
denote this extension by S(¢). It is clear that the so defined operators
from a strongly continuous semi-group of contraction operators on X,
It remains to show that the generator of this semi-group, which we
denote by B, is actually equal to A. Now for z € D it is clear that
lim ¢~'[S(t)x — x] = Az
t=0T
so that B extends 4 cut down to . On the other hand it is well
known (see [3; Theorem 10.3.3]) that for z € $(B)

Sit)yxr —x = S:S(J)Bxda .

For xe® it is clear that S(0)Az = AS(¢)z and since A is closed we
have by [3; Theorem 3.3.2]

S:S(G)Axdo = AS:S(a)a:da .

“ Here we make use of the fact that a continuous real—valued function having a non-
positive upper right hand derivative at every point of an interval is non-increasing in that
taterval. See for instance Titchmarsh, ‘‘Theory of Functions’ p. 354.
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Each z € ©(B) can be approximated by a sequence {r,}CD. Again
using the closure of A4 together with the above remarks we get

Sty — x = Ag:S(cr)a:da : z e D(B).
Thus
Bx = lim t[S(t)r — 2] = lim 4 t-lg‘S(a)xda]
t—o+ t—ot o

and since ¢! cS(o):z:da — 2 we conclude that z € $(A) and that Az = Bz:

[
in other words AD B. However A4 is dissipative and B is maximal
dissipative and therefore A = B.

REMARK 1. Since the smallest closed extension of A cut down to
D satisfies the hypothesis of the theorem, it follows that A is this
smallest closed extension.

REMARK 2. The hypothesis of the theorem is always satisfied by
generators of groups of operators. In order to verify this, let [S(t);
—® <t < =] be a strongly continuous group of operators with infini-
tesimal generator 4 and set

Y, = Sj k(t, &)S(t)xdt , zeX,
where
k(t, ) = (=) exp (—t¥/c) .

Obviously y, —z as ¢ — 0~ so that the set D, of elements of the form
Y. is dense in X. On the other hand by [3; Theorem 10.3.4]

Ary, = (—1)"S:'_kw(t, )S(t)zdt .

Now it is known (see [3; p. 306]) that |S(t)|= M exp(w|t]) for some
constants @ and M. Also, there is the estimate (see [3; pp. 571-572])

K exp (£/22) | k™(t, &) | dt = O[(2*nl)min] |

for fixed e. Since M’exp (t/2:) majorizes M exp(wit]|) for M’ suf-
ficiently large, we see that
| Ay [ = Ot = o(m) .

The set D of the theorem obviously contains D,, so that it too is dense.

REMARK 3. The hypothesis of Theorem 4.1 is not always satisfied
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by semi-group generators. In fact let ¥ = L,(0, =) and set

f(x—t), z=t,

SN ={; e

Then the infinitesimal generator A is defined by

(A) = [f; f(x) absolutely continuous, f(x) € L,(0, «), f(0) = 0]
(Af)=z) = —f'(=).

A function f in P(A~) is therefore infinitely differentiable with f™(0) =
0 for all n = 0. Suppose now that f satisfies

[ATFI'" = o(n) .
Then employing the Taylor expansion with remainder we see that
@ = )@ = 57 (o)ds .
Consequently
F@ S @it |17 7(6) 1 ds = vt | 7]

For fixed ¢, z > 0 we can choose # so that | A*f! < (en/ex)". In this case
[f@)| = (nle)"(n!) £ &,

and n being arbitrary, we conclude that f(z) = 0. Thus the set T of
the theorem contains only the zero vector in this example.

Lemyma 3.3. If A is dissipative with dense domain, then A has
a smallest closed linear extemsion A.

Proof. If A does not have a closed extension, then there is a

- sequence {z.} C T(A4) such that z,—0 and A4z, —y, |y|=1. Choose

% € 2(A4) such that |4 —y|<1/2, |u|=1. It is clear that the adjoint
space X* will contain a weak* limit point v* of the bounded set of func-
tionals {W(u + cz,)}; here W defines the semi inner-product on X. The
functional v has the properties

vl s lim| W(u +cz,) | =1,
(w,v?) =lim(u + cx,, Wu +czx,)=1.

Furthermore we see that
(3.9) re(Au + ¢y, v}) £ Tim re(Au + Cx,;), Wu +c¢z,) 0.
On the other hand W, v) =, v’)+ (¥ —»,v)2z1—-1/2=1/2 so that
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(3.9) can not hold if ¢ has been chosen greater than 2| Au|.

LEMMA 3.4. If A is a dissipative operator with dense domain and
smallest closed extension A, then there exists a sems nner-product
relative to which A is dissipative.

Proof. Let z belong to D(4) but not to T(A4). Then there is 3
sequence {z,} C D(A) such that z, — z and Ax, — Az. Let v* be a weak*
limit point of the set {Wx,}. Then as above

|v*| < lim| Wz, | =|z],
(z,v*) = lim (z,, Wz,) = [z [,

so that |v*|=]|z|. Moreover
re(Az, v*) < lim re(Az,, Wz,) <0

and hence if we redefine W in the set of all such z by setting Wz =

v*, then A will be dissipative relative to the semi inner product induced
by the new W.

4. A convexity theorem. The Marcel Riesz convexity theorem (See
[2; p. 525]) when applied to semi-groups of operators leads to a simple
convexity theorem for the local types of these semi-groups and hence
(by (8.3)) for the supremum of the real parts of the numerical ranges
of the corresponding infinitesimal generators.

THEOREM 4.1. Suppose [S(t)] defines a strongly continuous semi-
group of operators of finite local type w, on L, and of finite local
type @, on L, 1 Sp<q < . Then [S(t)] defined on L,N L, can be
extended to be a strongly continuous semi-group of local type

4.1 o, < aw, + Bw, , s =ap™ + Bg!,
on L, for a,820, a +8=1.
Proof. The inequality (4.1) follows directly from (3.1) and the Riesz
convexity theorem which gives
4.2) [S@) I = 1S@E)I31S®) 12 .

Now for any z e L,N L, we see that S(t)z is strongly continuous
in both L, and L,. A simple calculation shows that

IS(t)z — Stz |, < | Stz — S(t.)z [z | S(t)e — S(t.)x ¢

so that S(¢)x is strongly continuous in L, for z € L,NL, Since L,NL,
is dense in L, and since | S(t)|, is bounded by (4.2) on compact subsets
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of {0, =), it follows that [S(t)] is strongly continuous on all of L,.
REMARK 1. If xe L,N L, and \ > max (w,, w,), then

[Texp (—\0)S(t)a

.0

converges in L, to R(\; A)x (see [3; Theorem 11.5.1] for all se [p,q].
Trus the set

Dy = R(\; AL, N L]

lies in L,. Given any z e L, there is a sequence {z,} < L,N L, which
converges to # in L,. Clearly R(\; A)z, — R(\; A)x in L, and

AR(\; A)z, = \R(\; A)x, — 2, — AR\ A)r — 2 = AR(\; A)x

also in L,. It follows from this that the L, closure of the restriction
of A to D, is the generator of [S(t)] in L, for each s e [p, q].

REMARK 2. In applications it is sometimes convenient to apply this
theorem with L. replaced by C(S); here S is a locally compact Hausdorff
space and C(S) consists of all continuous real or complex valued fune-
tions defined on § and vanishing at infinity. For a regular o-finite
measure (¢ defined on the Baire subsets 5 of S, we set L, = LS, X, u).
Suppose T is defined on C(S)NL;, 1 £p< =, and bounded when con-
sidered as an operator in either C(S) or L,. In this case T can also be
thought of as an operator in L. with its C(S) bound. As such it can
be extended to the simple functions without increasing its bound. (A
simple function takes on only a finite set of values and is different from
zero only on a set of finite measure.) In fact let f be a simple func-
tion. Then fe L,sothat g = Tfe L,. We shall show that g e L. and
91 S| Tle|fle. It is clear that one can construct a sequence {f,}cC
CS)N L, such that |f,]. < |f]. and fo—fin L,. Since T, converges
to g in L, a subsequence (which we renumber) will converge almost
everywhere to g. Now | If,l. < | Tl 1f. ] < | Tlo|fle, so that ge L.
and |g|.<|T|y]|f]. which was to be proved. This shows that T is
eglready defined on the simple functions on L. with norm | Tls. On the
other hand in the proof of the Riesz convexity theorem for the ¢ =
case, the L, extension is obtained from the L.. behavior on simple func-
;ions. It therefore follows that Theorem 4.1 also holds with L. replaced

y C(S). .

THEOREM 4.2, For 1 S P =g = o suppose that A, and A, generate
strongly continuous semi-groups [S,(t)] and [S(t)] of finite local types
9, and w,, respectively. For r — por q let
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T(A) = |r; r and Ax e L, L],

Ax = Az,

(4.3)

and suppose that the restrictions of A, and A, to T(4,) are equal.
Finally for all suficiently large \ suppose that the range of (M — A
is precisely L, L,. Then for st =ap™* = 397, a,83=0, a+8=1,
the smallest closed extension of A, considered as an operator in L,
evists and generates a strongly continuous semi-group of finite local
type £ aw, + S0, Actually S,(t) and S[(t) are identical on L, N L,

and the L, generated semi-group 1s simply the smallest closed L, ez-
tension of the restriction of Sy(t) or S,(t) to L, N L.

Proof. We first show that the restrictions of S,(t) and Si(¢) to
L,n L, are identical. To this end set R(\) = (M — A,)7'. Then for
sufficiently large N, R.()\) is defined on all L, L, to Ay L, n L,
It is also a restriction of both R(\; A,) and R(\; 4y which are in norm

< (A — max (w,, W)™ Consequently the sum
Son o = e S YU fR (W, rel,nL,,
im0 n!

converges in both L, and L, so that Sin L, Llc L,N L. Passing
to the limit as \ — o, it is shown in the proof of the Hille-Yosida
theorem (See [3; Theorem 12.3.1]) that S.(\, t)x converges in L, to S,(t)z
and in L, to S,(t)z. Thus for x € L,nL,

S,(hx = lim, S,00, Bz = Si(bx = Sz, =L, N L .

The hypothesis of Theorem 4.1 is therefore satisfied and the L, exten-
sion of S,(t) defines a strongly continuous semi-group of operators of
the required local type. Finally it is clear from the hypothesis that
RO AD[L, N L] = 2(A4) for r equal to both p and q. Thus D(A4,) =
9, of Remark 1 above and hence the smallest closed extension of 4, in
L, generates the above defined semi-grup of operators.

ReEMARK 3. It follows from Remark 2 that Theorem 4.2 also holds
with L. replaced by C(S).

5. Appendix. We shall now prove a lemma on normed linear
spaces, mentioned earlier, which is useful when considering different
semi inner-products inducing the same norm.

Let ¥ denote any (real or complex) normed linear space, x* its dual.
Tor any p € X, ip] =1, define

Clp) = [a* e X5 (p,x®) =" | =1}.
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LexMA 5.1. Let D be a dense subset of the unit sphere S of X, and
let C, denote the weak * closed convex hull of (Wx;ze D, |z —p<e};
W denoting as before, the mapping from X to X* defined in §1. Then

F(P)EQ,C.=C(p).

Proof. First suppose that * € F'(p). Then for each & > 0 there
ic a finite set {,}C?, |z, — p|< ¢ and numbers a;, a; =0, Ja; =1
guch that |[(p, 2*) — (p, Za; Wx,)| < e. Hence

[(p,z*) — 1] = ¢ + [(p, Za; Wx,) — Za(x;, Wx))|
Se+|Jalp—z, Wz)| < 2.

Thus if z* € F(p), then (p, 2*) = 1 and since clearly |z*| < 1 it follows
that z* € C(p); that is F(p) < C(p).

Let us now show the converse. F(p) is clearly convex and compact.
OUre can without loss of generality assume that X is real. In fact, if
i is a complex normed linear space, let X, denote this space regarded
as real; it is then easily shown that the corresponding C.(p) is the set
{rez*; 2* € C(p)} and C,, = {rex*:z* e C,}. Thus, suppose X is real and
it 25 € C(p)© F(p). Then by an elementary separation theorem for
conpact convex sets there exists y € ¥ such that (y,2;) > 1, (¥, z*) =1
for all z* e F(p). Since @ is dense, there is a y,€ D such that
(5.23) >k = (4, *) for all z* in F(p).

Next we consider the subspace X spanned by p and y,. Since (p, z7)=
1p, 2*) =1 for all z* € F(p), y, and p are not colinear, and X is actually
two dimensional.

If z is any point on the unit surface S of X, {z,} D may be so
chosen that Wz,, the restriction of Wz, to X, converges so-to-speak to
a support line at z. Hence by considering points on either side of p
on §, it is clear that the two extreme support lines at p belong to the
restriction of F(p) to X, and since F(p) is convex the support line cor-
responding to Z¥ belongs to F(p). But this means that sup [(¥, z*);
x* ¢ F(p) = (¥, ;)] which is contrary to one choice of y,.

COROLLARY. Let T denote a bounded operator on any (real or
complex) normed linear space X. Consider two mappins W, and W,,

Jrom % to %* defined as usual. Then the corresponding numerical

ranges of T, W(T) and W,T) have the same closed convex hull.

Proof. In fact write C(T) = closed convex hull of {(T=z, z*);
=" € C(x), |z| = 1); we shall show that C(T)is the closed convex hull
of W(T) (as well as of Wi(T)). Clearly W(T)c C(T). On the other
hand, given z* e C(xz), || =1, then by the previous lemma, we may
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choose {x?} ¢ S, 27 — z (uniformly in %), and Zio Wi — x*, with a7 >0,
Sat =1. Now!ZaxTz, Wa?) — Zai(Tz;, Wa)| = | Tlisup|e — 22|~
0 and SaX(Tx, Wap)— (Tz, z*) which thus belongs to the closed convex
hull of W(T). ’
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